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Preface

This book contains the first systematic exposition of the presently
known theory of K-loops. Besides this, it presents some new results
and many examples. Furthermore, the two most important appli-
cations are described in detail. Since about ten years the subject
of K-loops has grown rapidly, so it seemed reasonable to put things
in order.

There are not many books on quasigroup and loop theory. The
oldest are Bruck’s [20] and Belousov’s [10]. Pflugfelder’s [94]
is used as a general reference for the collection of survey articles
[24]. Some basic loop theory is also contained in books on projective
planes, such as Pickert’s [95]. More specialized, but with very
different orientation are Sabinin’s recent [107] and Ungar’s most
recent [119] publications. Therefore, most of the material covered
has not appeared in book form before.

Chapters 1–6 try to unfold the theory in a coherent and self con-
tained way, and could be used as a text. The only prerequisite
is basic algebra, in particular, group theory. With very few ex-
ceptions1 complete proofs are given. Examples are later given in
Chapters 9,11,12. However, for a course Chapter 12 can be devel-
oped as needed to enrich the theory with examples.

Chapters 7–11 are more like research notes, and only partially suit-
able for the classroom. Still, proofs are concise, but complete. Ad-
ditional prerequisites for Chapter 9 are some linear algebra and
matrix groups over ordered fields, a bit of ring theory for Chap-
ter 11, and a basic knowledge of special relativity in Chapter 10.

While Chapters 2–7 build up almost linearly, later sections have
only the following additional dependencies: Chapter 9 and Chap-
ter 11 both use Chapter 8 for some special results. Chapter 10
builds on Chapter 9, but not on Chapters 7,8.

We have opted not to include exercises. However, some of the
remarks can be used as such.

1 These exceptions are some results on the isotopy of Bol and K-loops,
which are not used elsewhere in the book.
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The appendix is meant to put the material into a historic perspec-
tive, and should be seen as a supplement to the introduction. It is
definitely not the result of conclusive research on the history of the
subject.

Enumeration of theorems is straightforward. Occasionally equa-
tions are numbered (i), (ii), etc. These numbers will only be re-
ferred to locally, i.e., within a section. Remarks are not enumer-
ated, for they are not cited in the text.

Finally, it gives me great pleasure to thank Andrea Blunk, Helmut
Karzel, Wen-Fong Ke, Michael K. Kinyon, Sebastian Rudert and an
anonymous referee for many valuable comments and suggestions.
I am especially grateful to Alexander Kreuzer for carefully reading
the manuscript. Without his help many typos, obscure statements,
and inconsistencies would have gone undetected.

Kaufering, September 2001 Hubert Kiechle

The graph on the cover depicts the relationship of various struc-
tures discussed in the book.
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Introduction

K-loops are non-associative generalizations of abelian groups. They
made their first appearance early in the development of quasigroup
and loop theory. Over the years, a few papers in this area were
published, but the related structure of Bol loop has drawn much
more attention. This changed when Ungar [115, 116] showed that
the set of admissible velocities with the addition of velocities in
special relativity forms a K-loop. Ungar’s discovery sparked a
rapid development of the theory of K-loops in the last decade.

Besides the application to special relativity, another important
source of motivation for the study of K-loops is the problem of
existence of a proper neardomain. This question is closely related
with the structure of sharply 2-transitive groups and is still open.
Frobenius groups with many involutions seem to be a reasonable
generalization of sharply 2-transitive groups. Examples of these
are constructed and studied.

Let’s now go into more detail: A set L with a binary operation
· : L × L → L is called a quasigroup if the equations ax = b and
ya = b have unique solutions x, y in L for all a, b ∈ L. Note that
we use the convention ab := a · b. If the quasigroup L contains
an identity element, usually denoted by 1, then L is called a loop.
Loops which satisfy the Bol condition,

a(b · ac) = (a · ba)c for all a, b, c ∈ L,
are called Bol loops. Here and later we use the dot-convention 1

introduced in section 2. A K-loop is a Bol loop L with the auto-
morphic inverse property

(ab)−1 = a−1b−1 for all a, b ∈ L.
We’ll show later that it makes sense to use inverses in Bol loops.

The principal aim of this book is the development of theory and
applications of K-loops from scratch, and the presentation of ex-
amples.

1 Undefined expressions used in the introduction can be looked up in
the text.

H. Kiechle: LNM 1778, pp. 1–5, 2002.
c© Springer-Verlag Berlin Heidelberg 2002



2 Introduction

If “ ·” is a binary operation on L , then so is the dual operation

∗ : L× L→ L; (a, b) �→ a ∗ b := ba.

We shall speak of the dual quasigroup, loop, etc. The dual of an
identity 2 is this same identity in (L, ∗), i.e., “∗” replaces “ ·”,
rewritten into an identity in (L, ·). For example, the dual of the
Bol identity , the right Bol identity , reads

(ca · b)a = c(ab · a).

A binary operation is called commutative if · = ∗ . This implies of
course that every identity is equivalent to its dual.

The class of Bol loops is not self-dual, i.e., the Bol identity does
not imply the right Bol identity. This can be shown by example
easily. Therefore we have to make a decision between two options.
We choose the one which is most easily expressed with the left
multiplication maps. E.g., we use the (left) Bol identity, the left
inverse property, the left alternative law, etc. This fits nicely with
mappings applied on the left, such as f(x). The alternative would
be to dualize everything. Of course, there is no essential difference
between the two possibilities.

This work is subdivided roughly into two parts. The first part
tries to give a coherent exposition of the presently known theory.
Much of the material has been known one way or another, but it
is scattered rather widely through the literature.

In §1 we collect a few results used later in the text. The main
subsections E, F, G, are a preparation for the examples constructed
from the classical groups in §9. Some of these results seem to be

2 The word “identity” here refers to an expression which is to be true
for all choices of the variables. Admittedly, this is a bit fuzzy, but
it is made precise in any textbook on universal algebra, e.g., Ihringer:
Allgemeine Algebra, Teubner, Stuttgart, 1988. Such identities are not to
be confused with the identity element (of a loop for instance), to which
we frequently refer simple as an identity. The context will always make
the meaning clear.
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new. Therefore they are proved in the text. Subsections D and H
give results used in §11. Subsections A, B, C serve merely to fix
notation, and to provide some statements for convenient reference.

Transversals pop up throughout the development. Every time we
discuss some new axioms, we check what this means in terms of
transversals. §2 sets the stage by showing how a transversal always
has the structure of a left loop. And conversely, every left loop can
be seen as a transversal inside its left multiplication group with
respect to the left inner mapping group. Transassociants and the
quasidirect product give a more flexible tool to realize left loops
as transversals. In particular, the left multiplication group can be
identified as a quasidirect product. Another important application
is presented in §7, where we describe certain infinite Frobenius
groups using the quasidirect product.

§3 contains basic facts about left loops with the left inverse prop-
erty. We discuss the impact of the automorphic inverse property,
and of the A� -property, i.e., when all precession maps are auto-
morphisms. In particular, without using Bol, we derive various
identities for the precession maps, which were known to hold for
K-loops. These considerations lead to the notion of a Kikkawa
loop, which is also treated in this section. Finally, we show that a
left loop with the Bol condition is in fact a loop.

In the following §4 we introduce some isotopy theory, just as much
as we need, plus Belousov’s theorem characterizing G-loops, i.e.,
loops such that all loop isotopes are isomorphic.

In §5 we discuss the nuclei, and we prove N� = Nm for left loops
with the left inverse property. As a consequence we obtain that the
center, left and middle nucleus coincide for Kikkawa loops, and in
particular for K-loops.

After a short introduction of the left power alternative property,
in §6 we characterize Bol loops, among others, as loops with all
isotopes satisfying the left inverse property, and as loops such that
all isotopes are left alternative. In particular, every loop isotope of
a Bol loop is a Bol loop.

We are then ready to prove Kreuzer’s theorem, stating that K-
loops are A� -loops. As a consequence various characterizations
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of K-loops are given, the most striking being (6.9) and (6.11).
They imply that a left loop is already a K-loop if it is a 2-divisible
Kikkawa loop, or if it is a uniquely 2-divisible, left power alternative
A� -left-loop with a fixed point free, involutory automorphism. We
also present (without proof) Robinson’s results on the isotopes of
K-loops.

We conclude this section by describing Bruck’s construction of K-
loops from uniquely 2-divisible groups (and even Moufang loops),
and Glauberman’s half embedding.

“Frobenius groups with many involutions”, introduced in §7, gen-
eralize the notion of a sharply 2-transitive group, and so does the
more restrictive notion of a “specific group”. A Frobenius group
with many involutions can be realized as a quasidirect product of
a K-loop L and an appropriate transassociant T. In fact, for this
construction to work, it is necessary and sufficient that the left in-
ner mapping group D(L) acts fixed point free on L#. The point
is: There do exist examples which are not semidirect products. §9
and §11 provide such examples, i.e., non-associative K-loops with
fixed point free D(L). These would yield a proper neardomain if
the inner mapping group could be enlarged to a fixed point free
transassociant, which acts transitively, see §7.D, in particular (7.9).
Such an example doesn’t seem to be known at present. We hope
that the study of examples of K-loops with fixed point free left
inner mappings eventually can pave the way to deciding the ques-
tion whether proper neardomains exist. To make the context clear,
neardomains and their connection with sharply 2-transitive groups
are introduced in subsection D of §7.

We’ll also construct some specific groups of characteristic 0. For
(odd) prime characteristic, we can only refer to Gabriel’s exam-
ples from the Burnside groups.

In §8 we give a short introduction into Zizioli’s theory of fibered
loops and their relation with geometry.

The second part is devoted to examples, the heart of every theory.
In §9 we construct transversals in the classical groups over appro-
priate ordered fields. They are all K-loops. We can compute the
left inner mapping groups and the centers in case of the special and
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general linear groups. We can extract the examples with fixed point
free left inner mapping groups in these cases, and for the pseudo-
orthogonal and pseudo-unitary groups. Because the Lorentz group
of special relativity is (a subgroup of) the group O(3, 1), we study
the pseudo-orthogonal and pseudo-unitary groups in some detail.
Finally, we give a purely algebraic construction of an example of
Gabrieli and Karzel for a fibered K-loop with non-abelian fibers.

In §10 we apply the results from the previous section to give a
rather smooth derivation of the formula for the relativistic velocity
addition. We do this by using a natural one-to-one correspondence
between velocities of frames and Lorentz boosts, and the fact that
the Lorentz boosts form a transversal inside the Lorentz group,
which is a K-loop.

An interesting construction of Kolb and Kreuzer, presented in
§11, also yields K-loops with fixed point free transassociant. In-
deed, we get plenty of examples of such K-loops of exponent 2,
and also K-loops that lead to specific groups of characteristic 0.
Moreover, these K-loops admit an Aut-invariant fibration.

Derivations, as introduced in §12, are a method which modifies
the multiplication in groups. It turned out useful to constructing
various counterexamples. This method is well-known to construct-
ing quasifields from fields, see [62] and [63]. In particular, Bol-
quasifields have been found this way [21, 23]. It has also been used,
probably unconsciously, i.e., without axiomatizing the method, for
the construction of loops.

The appendix highlights some lines of development in the history
of the subject.



1. Preliminaries

In this section we collect some definitions, notations, and results
for the convenience of the reader. We’ll assume that the reader is
familiar with standard knowledge in algebra. All that we use with-
out reference can be found in [84]. The major part of this section
is devoted to some preparation for §9. The subjects are ordered
fields, hermitian matrices, and general matrices. Lack of reference
to a published source is not a claim for originality. However, some
of the results seem to be new.

The set of integers will be denoted by Z, the set of positive inte-
gers (natural numbers) by N, and the set of rationals by Q. The
cardinality of a set S will be denoted by |S|.

A. Groups

Despite the fact that loops generalize groups, we will not build
up group theory for obvious reasons. Instead, we’ll assume basic
notions from group theory, as they can be found for instance in [5,
42, 47].

Let G be a group. The identity will mostly be denoted by 1.
We’ll write |g| for the order of an element g ∈ G. Whenever it
makes sense this notion will also be used for loops. An element of
order 2 is called an involution. For every subset S of G we put
S# := S \ {1}. The subgroup generated by S will be denoted as
〈S〉 . The centralizer of S in U, where U is a subgroup of G,

CU (S) := {g ∈ U ; ∀x ∈ S : gxg−1 = x}

is a subgroup of U. The kernel of a homomorphism η will be
denoted by ker η. The inner automorphism given by g ∈ G will be
written as

ĝ :

{
G→ G

x �→ gxg−1 .

H. Kiechle: LNM 1778, pp. 7–22, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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The map g �→ ĝ is an epimorphism G → InnG, the inner auto-
morphism group of G. Its kernel is the center of G, denoted by
Z(G).

For a ∈ G put [a, b] := a−1b−1ab, the commutator of a and b. Let
S, T ⊆ G, then1

[S, T ] :=
〈
[s, t]; s ∈ S, t ∈ T〉 .

Note that [S, T ] is a group by definition. From [61; 2.1.5, p. 33]
one derives

(1.1) Let G be a group and S ⊆ G with S−1 ⊆ S. If
[
[a, b], c

]
= 1

for all a, b, c ∈ S, then
[
[S, S], S

]
= {1}.

A natural number n is called an exponent of the group G if gn = 1
for all g ∈ G. This notion will later be used for left power alterna-
tive loops, as well.

(1.2) A group of exponent 2 is abelian.

If G and U are abelian groups, then the set of all homomorphisms
G → U is an abelian group, denoted by Hom(G,U). Its zero ele-
ment is the zero map denoted by 0 : G → U ; a �→ 0. Notice that
we do not distinguish the zero maps with respect to domain and
range.

B. Permutation Groups

Let P, S be sets. PS will be the set of all maps S → P. The
symmetric group on P will be denoted by SP . It is the set of all
bijective elements of PP (also called permutations of P ) with the
usual composition of functions. Throughout this work 1P denotes
the identity map of P, which is abbreviated to 1 if the set is clear
from the context. 1 is the identity element of SP .

A homomorphism π of a group G into SP will be called a permu-
tation representation. This is the same to say that G acts on P.

1 Here and later we’ll drop the extra braces, writing briefly 〈. . .〉 rather
than 〈{. . .}〉 .
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The representation will be called
faithful if kerπ is trivial;
(sharply) k -transitive (k ∈ N) if for every k distinct elements
a1, . . . , ak and b1, . . . , bk from P there exists (exactly one) g ∈ G
such that π(g)(ai) = bi, i ∈ {1, . . . , k};
transitive if it is 1-transitive;
regular if it is sharply 1-transitive.

The notion of (sharply) transitive action makes sense for subsets L
of G, too. So we can speak of L acting regularly, or transitively on
P if the defining condition from above holds with L replacing G.

We’ll frequently omit the π in π(g)(a), writing briefly g(a). In
most cases we need not even specify π. We then simply write:
(G,P ) is a permutation group. Note that this is stretching common
usage quite a bit, because we do not assume G to be a subgroup
of SP , nor do we require the representation to be faithful.

The elements of P will often be referred to as points. Let S be a
subset of G. The set

Fix(S) := {p ∈ P ; ∀g ∈ S : g(p) = p}
will be called the set of fixed points of S. We’ll say S acts fixed
point free if Fix({g}) = ©� for all g ∈ S#, i.e., no non-identity
element of S has a fixed point. If P is a group (or a groupoid)
with identity 1 and S consists of elements which fix 1 by definition,
e.g., automorphisms, then S is called fixed point free if it acts fixed
point free (in the old sense) on P#. We’d like to emphasize that
S := {1} is considered fixed point free in both cases.

Let G, G′ be groups acting on sets P, P ′, respec-
tively. The representations will be called equiv-
alent if there exists a bijection µ : P → P ′ and
an isomorphism α : G→ G′ such that α(g)(x) =
µgµ−1(x) for all g ∈ G, x ∈ P ′. The pair of map-
pings (α, µ) will be called an equivalence. The
situation is illustrated by the diagram.

g
P −→ P

↓µ ↓µ
α(g)

P ′ −→ P ′

If the representation is faithful, then α is uniquely determined
by µ. This will be expressed sometimes by saying “µ induces an
equivalence”.
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Transitive actions can be characterized intrinsically up to equiva-
lence. This is taken from [5; (5.7), (5.8), (5.9), p. 15f].

(1.3) Let (G,P ) be a transitive permutation group, and let Ω be
the stabilizer of a point e ∈ P.
(1) The kernel N of the representation is N =

⋂
g∈G gΩg

−1. This
is the largest normal subgroup of G contained in Ω.

(2) G acts transitively on the set of left cosets G/Ω by left mul-
tiplication. This action is equivalent to the action of G on P.

(3) The stabilizer of a ∈ P is gΩg−1 for every g ∈ G with g(e) =
a. Therefore all stabilizers of elements in P are conjugate.

The representation of G on G/Ω by left multiplication is called
the natural permutation representation of G on G/Ω. The largest
normal subgroup N of G inside Ω is called the core of Ω in G. It is
the kernel of the natural permutation representation of G on G/Ω
as in (2). A subgroup Ω of G will be called corefree if N = {1},
i.e., if the core is trivial.

C. Geometry

An incidence structure is a pair of sets (P,L) such that L consists
of subsets of P. Moreover, we require that |A| ≥ 2 for all A ∈ L.
The elements of P will be called points.

An incidence structure is called an incidence space (or linear space)
if for every a, b ∈ P, a �= b, there exists exactly one A ∈ L with
a, b ∈ A. Then A is called the line passing through a and b. Similar
geometric language will be used freely.

Let (P,L), (P ′,L′) be incidence spaces. A bijective map α : P →
P ′ will be called an isomorphism if α(A) ∈ L′ for all A ∈ L,
i.e., lines are mapped to lines. As usual α is called an automor-
phism if P = P ′. The set of all automorphisms of P is denoted by
Aut(P,L), and is clearly a group.

A binary relation ‖ on L is called a parallelism if ‖ is an equiv-
alence relation, and for all a ∈ P, A ∈ L there exists a unique
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B ∈ L with A ‖ B and a ∈ B. The triple (P,L, ‖) will then be
referred to as an incidence space with parallelism.

Automorphisms of an incidence space with parallelism are auto-
morphisms α of the incidence space (P,L) that preserve ‖, more
precisely: if A ‖ B, then α(A) ‖ α(B), for A,B ∈ L. The set
of such automorphisms is a subgroup of Aut(P,L), denoted by
Aut(P,L, ‖). An automorphism α of (P,L) is called a dilatation
if α(A) ‖ A for all A ∈ L. Clearly, the set of all dilatations is a
subgroup of Aut(P,L, ‖).
The following is folklore. For completeness we recall the proof.

(1.4) Let (P,L, ‖) be an incidence space with parallelism. Assume
that P �∈ L, i.e., P is not a line. If a dilatation α has two fixed
points, then α = 1.

Proof. Let a, b be fixed points of the dilatation α. Denote the line
joining a, b by A. For c ∈ P \ A we have that the lines joining
a with c, and joining b with c are both fixed. Then so is their
intersection c. Hence every point in P \ A is fixed. Applying the
same line of reasoning to a and c completes the proof.

D. Binomial Coefficients

In §11 we’ll need a corollary to a theorem of Lucas on binomial
coefficients. Recall that for all n, k ∈ N ∪ {0}(

n

k

)
= 0 ⇐⇒ k > n.

(1.5) Theorem. Let p be a prime, n, n′, k, k′ ∈ N ∪ {0}, and
n′, k′ < p then (

np+ n′

kp+ k′

)
≡
(
n

k

)(
n′

k′

)
mod p.

Proof. See [32] for a short proof.

Apply this repeatedly to obtain

(1.6) Let p be a prime, n ∈ N, and choose r ∈ N ∪ {0} maximal

such that pr divides n, then
(
n

pr

)
�≡ 0 mod p .
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E. Ordered Fields

Let R be a field. As usual, put R∗ := R \ {0}, the multiplicative
group of R. A subset P ⊆ R is called an ordering if for all x ∈ R
we have x ∈ P, or −x ∈ P, or x = 0, and these conditions are
mutually exclusive. Moreover, we require that P + P ⊆ P, and
PP ⊆ P. Therefore P is a additively and multiplicatively closed
subset of R∗ such that R∗ is the disjoint union of P and −P.
These conditions allow us to define a relation < on R by

x < y : ⇐⇒ y − x ∈ P for all x, y ∈ R.
This relation has the usual properties for inequalities, see [84;
Ch. XI, §1] for more. A field is called ordered if it possesses an
ordering. In this case we will tacitly use the relation < and also
≤, which is defined in the usual way, and which is an order relation.
Notice that squares and also sums of squares are always ≥ 0.

In an ordered field R, −1 is not a square, thus there exists a
quadratic field extension K := R(i), where i2 = −1. K has a
unique non-identity automorphism z �→ z̄, which fixes R element-
wise and maps i to −i. We’ll use this notation whenever we deal
with ordered fields.

An ordered field R is called pythagorean if for every a ∈ R the
element 1 + a2 is a square in R . Hence every sum of squares is a
square. Note that we deviate from standard usage, as we do require
a pythagorean field to be ordered. This is more convenient, since
we do not deal with non-ordered “pythagorean” fields.

If a is a square in R we write
√
a for the unique positive square

root of a in R.

In an ordered field, we can define |a| for a ∈ R as usual, and we
obtain |a| =

√
a2. When R is pythagorean, we can and will also

write |a| := √
aā ∈ R (!) for a ∈ K. This should not be confused

with the order of an element in a group, or the cardinality of a set.
The context will always make the meaning clear.

A field is called euclidean if the set of squares is an ordering, i.e., the
field is pythagorean and each non-zero element is either a square
or the negative of a square. Such fields have a unique ordering.
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An ordered field R is called real closed if R(i) is algebraically
closed. These are exactly those ordered fields which do not have
an ordered algebraic extension, see [84; Ch. XI, §2]. Note that real
closed fields are euclidean, hence have a unique ordering.

An ordered extension field R′ of R is called a real closure of R, if
the extension is algebraic, and if R′ is real closed. The intersection
of all real closures of R in a fixed algebraic closure R̄ will be
denoted by Rtot. The ordered field R is called totally real if R =
Rtot.

For later use we’ll show

(1.7) Qtot is totally real, but not euclidean. Every euclidean clo-
sure of Q is a euclidean field, which is not totally real.

Proof. Since Qtot is pythagorean,
√

2 is an element. Now Q(
√

2)
has two different orderings, one with

√
2 positive, one with

√
2

negative. Let R1 and R2 be real closures of Q(
√

2) with respect
to these orderings.2 R1 and R2 induce two different orderings on
Qtot, hence Qtot cannot be euclidean.

For the second assertion, let E be a euclidean closure of Q. It
follows from the construction in the proof of [9; Satz 5] that every
element in E has degree a power of 2 over Q. Let a be a root of
an irreducible polynomial f of odd degree over Q such that all
roots of f are in Q(a), e.g., f(x) = x3− 3x+ 1. 3 Let R be a real
closure of Q in a fixed algebraic closure Q̄ of Q. Every odd degree
polynomial such as f has a root in R [120; §71, Satz 2, p. 239],
hence f splits over R. Therefore a ∈ Qtot. Now, if E were totally
real it would contain Qtot, which is impossible since a �∈ E.

F. Hermitian Matrices and the Polar Decomposition

We continue to use the symbols R and K = R(i) as in the pre-
ceding subsection. Let n ≥ 2 be a fixed integer. The set of
m × n -matrices over K (or any other ring) will be denoted by

2 For the existence see [84; Ch. XI.2.11, p. 397].
3 If a is a root, then a2 − 2 and −a2 − a + 2 are the other roots.
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Km×n, m ∈ N. For X ∈ Km×n let XT denote the transpose
of X. Then XT ∈ Kn×m. The automorphisms of K extend to
Km×n by componentwise application. Let X∗ := X

T
for every

X ∈ Km×n. We’ll use the common shorthand Kn := Kn×1, so the
elements of Kn are column vectors.

Remark. The symbol ∗ which has been just introduced to de-
note the hermitian conjugate, also denotes “field without 0”. This
should not cause any trouble. Care is needed only here and in §9,
when we use hermitian matrices to construct K-loops.

(1.8) Let R be a pythagorean field, and n ∈ N. Then the map

‖ . ‖ :

{
Rn → R

v �→ ‖v‖ :=
√

vTv

is a norm, and we have |vTw| ≤ ‖v‖‖w‖.
Proof. vTv is a sum of squares, hence a square in R. Therefore
‖ . ‖ is well-defined. Clearly, ‖ . ‖ is induced by a positive definite
bilinear form, therefore it is a norm. The inequality is the well-
known “Schwarz inequality”. It is proved in [84; XIV.7, p. 510].4

Consider the set H of positive definite hermitian n × n -matrices
over K

H = H(n,K)

=
{
A ∈ Kn×n; A = A∗,∀v ∈ Kn \ {0} : v∗Av > 0

}
,

and write
U(n,K) = {U ∈ Kn×n; UU∗ = In}

for the corresponding unitary group. Here In denotes the n × n
identity matrix. R will be called n-real if the characteristic poly-
nomial of every matrix in H splits over K into linear factors. In
fact, it is well-known and easy to see that in this case the character-
istic polynomial already splits over R . Therefore, we can always

4 The given reference does not state the Schwarz inequality in the
generality needed, but the proof carries over verbatim. It is, by the way,
the well-known standard proof from calculus.
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assume that all eigenvalues of elements of H are “real”(i.e., are
elements of R). Clearly, n -real implies (n− 1)-real.

By [122; Prop. 7] (see also [89]), we have

(1.9) R is n -real for all n ∈ N if and only if R is totally real.

Remarks 1. In fact, both [122, 89] prove this theorem only for
symmetric matrices over R . However, the proofs given in [89] apply
after minor modification to the hermitian case as they stand. This
is true in particular for [89; Theorem 2] and the Corollary and
Remarks following it.

2. The class of totally real fields strictly contains the class of real
closed fields and the class of hereditary euclidean fields (cf. [122]).
Moreover, the intersection of totally real fields (all contained in a
common extension field) is totally real.

(1.10) Theorem. R is 2 -real if and only if R is pythagorean.
For n ≥ 2 every n -real field is pythagorean.

The Proof is an adaption of the proof of [89; Lemma 1] to our
situation.

If R is 2-real, then let a ∈ R be positive. The matrix

A :=
(
a+ 2 a
a a

)
is clearly hermitian over R (it is in fact symmetric). The eigenval-
ues are

a+ 1±
√

1 + a2,

which are to be in R , since A is clearly positive definite. Hence
1 + a2 is a square in R , and because a was arbitrary, we conclude
that R is pythagorean.

Conversely, assume that R is a pythagorean field. A general her-
mitian 2× 2-matrix A has the form

A =
(
α a
a β

)
,

with α, β ∈ R and a ∈ R(i). The characteristic polynomial of A
is

f(x) := x2 − (α+ β)x+ αβ − aa
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and has discriminant (α+β)2−4(αβ−aa) = (α−β)2 +4aa. This
is a sum of squares in R , hence a square. Thus f splits over R ,
and R is 2-real.

The last assertion follows from the fact that n -real fields are 2-
real.

(1.11) In ∈ H , H−1 = H and A∗HA = H for all A ∈ GL(n,K) .

Proof. The first statement is clear. Take B ∈ H. We have
(B−1)∗ = (B∗)−1 = B−1 . Furthermore, for every non-zero v ∈ Kn

holds

0 < (B−1v)∗B(B−1v) = v∗B−1BB−1v = v∗B−1v,

hence B−1 is positive definite.5

Moreover,

(A∗BA)∗ = A∗BA, and v∗A∗BAv = (Av)∗B(Av) > 0,

for all v ∈ Kn \ {0} . Hence A∗BA is positive definite.

We will have use for the spectral theorem [84; XIV.12.4]. Note that
our assumption for K makes sure that this theorem is true.

(1.12) Theorem. Let R be n -real and let A ∈ H. The eigen-
values of A are in R , and there exists a U ∈ U(n,K) such that
UAU−1 is diagonal. This means, there exists an orthonormal basis
of Kn , consisting of eigenvectors of A . If A ∈ GL(n,R) , then U
can be taken from GL(n,R) . Furthermore, it is possible to chose
U such that detU = 1 .

Proof of the last statement. If detU = α , then αᾱ = 1 (since
detU∗ = detU ). Hence we can replace the first column c, say, of
U by α−1c to obtain a matrix U ′ . It is easy to see that U ′ is
unitary. Clearly, detU ′ = 1, hence the result.

(1.13) Let R be n -real. For any A ∈ Kn×m,m ∈ N, the eigen-
values of AA∗ are squares in R .

Proof. Let λ be an eigenvalue of AA∗ with eigenvector v ∈ Kn ,
i.e., AA∗v = λv . It follows that

v∗AA∗v = λv∗v and λ =
1

(v∗v)2
(v∗v)

(
(A∗v)∗(A∗v)

)
5 An alternative argument uses eigenvalues.
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which is a sum of squares in R . Since R is pythagorean by (1.10),
we conclude that λ is a square in R .

(1.14) The map κ : H → H;X �→ X2 is injective.

Proof. X2 = X∗InX ∈ H , by (1.11). Now assume that A2 = B2

for A,B ∈ H. There is no loss in generality to assume that R is
n -real (or even real closed), since otherwise we pass to an extension
field of R.

By the spectral theorem (1.12) we can decompose Kn into an or-
thogonal sum of eigenspaces V1, . . . , Vr of A, say. Denote the cor-
responding (distinct!) eigenvalues by λ1, . . . , λr . Thus Av = λkv
and A2v = λ2

kv = B2v for all v ∈ Vk, k ∈ {1, . . . , r} . Note that
λk > 0 for all k ∈ {1, . . . , r} . Applying the same argument to B,
we conclude that the Vk are the eigenspaces of B, as well. Since B
is positive definite, the λk are the eigenvalues of B . This entails
A = B, and the injectivity of κ .

(1.15) Let R be n -real and take A,B ∈ H, then A ∈ BU(n,K)
if and only if A = B, i.e., every coset of U(n,K) in GL(n,K)
contains at most one element of H.
Proof. Let A = diag(λ1, . . . , λn) and C := B−1 = ( c1 . . . cn ),
where ck ∈ Kn are the columns of C . Note that C ∈ H by (1.11).
We compute CA = (λ1c1 . . . λncn ) ∈ U(n,K). Using λk ∈ R ,
for k �= j we have

0 = (λkck)∗(λjcj) = (λkλj)c∗
kcj .

Since λkλj �= 0 we infer that C has orthogonal columns, i.e.,

C2 = C∗C = diag(c∗
1c1, . . . , c∗

ncn).

From (1.14) and (1.10) we conclude C = diag(µ1, . . . , µn) for ap-
propriate µk ∈ R . Thus CA = diag(λ1µ1, . . . , λnµn) ∈ U(n,K).
Since λkµk > 0 we must have B−1A = CA = In , as claimed.

The general case where A is not necessarily diagonal can be re-
duced to the case discussed above by (1.12).

Let A ∈ GL(n,K). A factorization A = BU, with B ∈ H, U ∈
U(n,K) is called polar decomposition. We have just seen that the
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polar decomposition is unique if it exists. The existence of the
polar decomposition is the subject of the next lemma. It is the key
to the construction of a big class of K-loops in §9.

(1.16) Let G be a subgroup of GL(n,K) and put

LG := G ∩H(n,K), ΩG := G ∩U(n,K).

The following are equivalent.

(I) G = LGΩG ;

(II) AA∗ ∈ κ(LG) , for all A ∈ G .

Proof. (I) =⇒ (II): Let A = BU ∈ G,B ∈ LG, U ∈ ΩG . We have
AA∗ = BUU∗B∗ = BB∗ = B2 ∈ κ(LG).

(II) =⇒ (I): For A ∈ G let B ∈ LG be subject to B2 = AA∗ .
Now U := B−1A is in Ω, because UU∗ = B−1AA∗(B−1)∗ =
B−1B2B−1 = In . Hence G ⊆ LGΩG .

Remark. A very special case of this is contained in [49; (1.1.e)].

G. Miscellaneous Results for Matrices

We’ll have to extract square roots from certain hermitian matrices
several times.

(1.17) Let R be n -real, and let A1, . . . , Ak ∈ H(n,K) such that
every eigenvalue of every Aj is a square in R. Then there exists a
polynomial f ∈ R[x] with f(Aj) ∈ H(n,K) and

(
f(Aj)

)2 = Aj

for all j ∈ {1, . . . , k}.
Proof. Let Λ be the set of all the eigenvalues of all the Aj . Clearly,
Λ is a finite set, and by assumption every element λ ∈ Λ has a
unique positive square root

√
λ ∈ R. By Lagrange’s interpolation

formula [120; §25] there exists a polynomial f ∈ R[x] with f(λ) =√
λ for all λ ∈ Λ. We’ll show that f does the job.

Let j ∈ {1, . . . , k}. By (1.12) there exists U ∈ U(n,K) such that

Aj = U diag(λ1, . . . , λn)U−1, with λ� ∈ Λ for all � ∈ {1, . . . , n},
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because R is n -real. Thus we can compute

f(Aj) = f
(
U diag(λ1, . . . , λn)U−1) = Uf

(
diag(λ1, . . . , λn)

)
U−1

= U diag
(
f(λ1), . . . , f(λn)

)
U−1 = U diag(

√
λ1, . . . ,

√
λn)U−1.

This shows the result.

The following simple lemma is taken from [96; §39, p. 169].

(1.18) Let A = diag(λ1, . . . , λn), B ∈ Kn×n with |{λ1, . . . , λn}| =
n (i.e., all λk distinct), then we have AB = BA ⇐⇒ B =
diag(α1, . . . , αn) for some αk ∈ K.
For 1 ≤ k ≤ n− 1, we consider the sequence of embeddings

∆k : GL(2,K) → GL(n,K); A �→
 Ik−1

A
In−1−k

 ,

where the images are the block diagonal matrices with A placed
in the (k, k)-position. Recall that O(n,R) = {U ∈ Rn×n; UUT =
In} = U(n,K) ∩GL(n,R) is the orthogonal group. SU(n,K) and
SO(n,R) refer to corresponding “special” groups, consisting of the
elements of U(n,K), O(n,R), respectively, of determinant 1.

First a few trivial observations.

(1.19) For all k ∈ {1, . . . , n− 1} the map ∆k is a monomorphism,
and we have

(1) ∆k

(
SU(2,K)

) ⊆ SU(n,K);

(2) ∆k

(
SL(2, R)

) ⊆ SL(n,R);

(3) ∆k

(
SO(2, R)

) ⊆ SO(n,R);

(4) ∆k

(H(2,K)
) ⊆ H(n,K).

We now look at a set of generators for SU(n,K) and SO(n,R)
which might be of independent interest. We shall prove

(1.20) Theorem. SU(n,K) =
〈⋃n−1

k=1 ∆k

(
SU(2,K)

)〉
and

SO(n,R) =
〈⋃n−1

k=1 ∆k

(
SO(2, R)

)〉
.

The proof must be postponed after the following lemma. It will
be carried out only for SU(n,K). In particular, an analogue of
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the following lemma for SO(n,R) holds. We remark in advance
that the proofs for SO(n,R) are virtually identical. We denote the
standard basis of Kn by e1, . . . , en, e.g., e1 := (1, 0, . . . , 0)T.

(1.21) S :=
〈⋃n−1

k=1 ∆k

(
SU(2,K)

)〉
acts transitively on the set of

normalized vectors v ∈ Kn (i.e., v such that ‖v‖2 = v∗v = 1).

Proof. Let v := (v1, . . . , vn)T ∈ Kn with v∗v = |v1|2+. . .+|vn|2 =
1. Suppose that we have constructed U1, . . . , Uk−1 ∈ SU(2,K)
such that

∆k−1(Uk−1) · . . . ·∆1(U1)e1 = (v1, . . . , vk−1, wk, 0, . . . , 0)T

=: wk,

with wk ∈ R . We first show that 1 − ( |vk|
wk

)2 is a sum of squares,
hence a square, in R . Note that by construction

w2
k = 1− |v1|2 − . . .− |vk−1|2 = |vk|2 + . . .+ |vn|2,

since w∗
kwk = 1. Therefore there exists wk+1 ∈ R with

w2
k − |vk|2 = |vk|2 + . . .+ |vn|2 − |vk|2

= |vk+1|2 + . . .+ |vn|2 = w2
k+1.

We conclude that

Uk :=
1
wk

(
vk −wk+1
wk+1 v̄k

)
∈ SU(2,K)

and
∆k(Uk)wk = (v1, . . . , vk, wk+1, 0 . . . , 0)T.

For the last step k = n− 1, we make a different choice:

Un−1 :=
1

wn−1

(
vn−1 −v̄n

vn v̄n−1

)
∈ SU(2,K),

because vn−1v̄n−1+vnv̄n = 1−|v1|2−. . .−|vn−2|2 = w2
n−1 . Clearly,

∆n−1(Un−1)wn−1 = (v1, . . . , vn)T = v.
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Putting everything together, we arrive at

∆n−1(Un−1) · . . . ·∆1(U1)e1 = v.

This proves the lemma.

Proof of (1.20). By definition S ⊆ SU(n,K). The other inclu-
sion is by induction on n . This is clearly true for n = 2. Let
U ∈ SU(n,K), and let vi := Uei for i ∈ {1, . . . , n} . Then
v1, . . . ,vn is an orthonormal basis of Kn . By (1.21) there is
U1 ∈ S with U1en = vn . Then U2 := U−1

1 U fixes en and also
V := (Ken)⊥, the subspace of Kn orthogonal to en . Since V is
naturally isomorphic to Kn−1, we have U2 ∈ SU(n− 1,K). By in-
duction hypothesis we conclude that U2 ∈

〈⋃n−2
k=1 ∆k

(
SU(2,K)

)〉
.

Hence U = U1U2 ∈ S.
Finally, we determine the centralizer of the set of positive definite
symmetric matrices of determinant 1.

(1.22) CGL(n,K)
(
SL(n,R) ∩H(n,K)

)
= K∗In, the center of

GL(n,K).

Proof. It is trivial that

K∗In ⊆ C := CGL(n,K)
(
SL(n,R) ∩H(n,K)

)
.

From (1.18) it’s easy to see that C ⊆ {
diag(α1, . . . , αn); αk ∈ K∗}.

Let’s look at the case n = 2 first. We have(
α1 0
0 α2

)(
5 2
2 1

)(
α−1

1 0
0 α−1

2

)
=
(

5 2α1α
−1
2

2α2α
−1
1 1

)
.

Therefore diag(α1, α2) ∈ C implies α1 = α2 , and C = K∗I2 .

For the general case we use the embedding ∆k : GL(2,K) →
GL(n,K), where k ∈ {1, . . . , n− 1}, from above. In fact, a di-
rect application of (1.19) and the just handled case n = 2, show
that for diag(α1, . . . , αn) ∈ C we must have αk = αk+1 . This
forces C ⊆ K∗In. The other inclusion has been seen.
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H. Formal Power Series

Let R be a commutative ring with 1, and unit group E := E(R).
The Jacobson radical J(R) of R is the intersection of all maximal
ideals in R. We’ll have use for the following characterization of
J(R) [7; 1.9, p. 6] and [31; Exercise 7.3, p. 205]:

(1.23) An element x ∈ R is in J(R) if and only if 1 + xa ∈ E for
all a ∈ R. In particular, 1 + I is a subgroup of E for every ideal
I contained in J(R).

Let K be a field, and R := K[[t]] the ring of formal power series
over K. The following is well-known, see for instance [31; 7.11,
p. 195].

(1.24) R is a local domain with J(R) = tR.

Occasionally we write a formal power series f as

f(t) = a0 + a1t+ a2t
2 + . . .+ ant

n +O(tn+1).

This means the beginning of f is as stated +terms of order > n.
Notice that a0, . . . , an are uniquely determined by f.

(1.25) Let x ∈ tR, then 1− x is a square in R, and

√
1− x := 1− 1

2
x− 1

8
x2 − 1

16
x3 +O

(
x4)

is one square root.

Proof. 1−x is a square by Hensel’s Lemma [31; Thm. 7.3, p. 185].
The expression for a square root up to higher order terms is easily
verified directly. In fact, it coincides with the Taylor expansion
over the reals.

As a direct corollary we get for the field of reals R.

(1.26) The field R((t)) of formal Laurent series over the reals is a
pythagorean field, with set of squares{ ∞∑

k=u

akt
k; u ∈ 2Z, au > 0

}
.



2. Left Loops and Transversals

A set L with a binary operation L× L→ L; (a, b) �→ ab is called
a magma. L will be called a groupoid if L contains an identity 1,
i.e., ∀a ∈ L : a1 = 1a = a. Such an element is necessarily unique.
As for groups, we will write S# := S \ {1} for every subset S of a
groupoid.

Remark. The name “groupoid” occurs in Bruck’s [20] and de-
notes what is now called a magma. Later, beginning with the 1970-
edition of his book “Algebra”, Bourbaki used the word magma.

Let L be a magma, then for each a ∈ L, we have a map

λa : L→ L; x �→ ax,

the left translation. This gives rise to a map λ : L→ LL; a �→ λa .
Conversely, given a map λ : L → LL; a �→ λa, one can define a
binary operation on L by ab := λa(b). The existence of an identity
1 is equivalent to

λ1 = 1 and ∀a ∈ L : λa(1) = a.

In the presence of the second, the first of these conditions can be
achieved easily.

(2.1) Let L be a set with an element 1 ∈ L, and let µ : L →
LL; a �→ µa be a map such that µa(1) = a for all a ∈ L. If µ1 is
bijective, then 1 is an identity of the operation a · b := µaµ

−1
1 (b),

i.e., (L, ·) is a groupoid.

The right translations �a of a groupoid (or magma) are introduced
dually, i.e., �a(x) = xa. With obvious modifications the above
statements (and much of what follows) apply to right translations
as well.

Let a be an element of a groupoid L. An element b ∈ L is called
a left (right) inverse of a if ba = 1 (ab = 1). If b is the uniquely
determined left and right inverse of a, then we speak of the inverse
of a and write b = a−1.

For a ∈ L, n ∈ N, we put recursively

a0 := 1, an := a(an−1) and a−n := (a−1)n if a−1 exists.

H. Kiechle: LNM 1778, pp. 23–42, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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This clearly implies λn
a(1) = an.

Since groupoids are in general non-associative, we’ll have to use
lots of parentheses. To save a few, we shall adopt the following
dot-convention:

a · bc = a(bc), ab · c = (ab)c, and akb = (ak)b, bak = b(ak)

for a, b, c ∈ L, k ∈ Z. E.g., the associative law reads a · bc = ab · c.
An element a from a groupoid L is called

left (right) alternative if a · ab = a2b (ba · a = ba2) ∀b ∈ L;

left power alternative if a and λa each have an inverse and
λk

a = λak , ∀k ∈ Z.

It is said to have the

left (right) inverse property if there exists a′ ∈ L with
a′ · ab = b (ba · a′ = b) ∀b ∈ L.

If every element of a groupoid L has one of the above properties,
then the corresponding phrase will also be used for L. Moreover,
we say that L

is a left (right) loop if there is a unique solution x ∈ L of the
equation ax = b (xa = b) for all a, b ∈ L;

is a loop if it is a left and a right loop (recall that 1 ∈ L);

is Bol if a(b · ac) = (a · ba)c for all a, b, c ∈ L;

satisfies the automorphic inverse property if all a, b ∈ L have
inverses, and (ab)−1 = a−1b−1;

is a K-loop if it is a Bol loop and satisfies the automorphic inverse
property.

Remark. Some authors use the phrase “right loop” for left loops,
and vice versa (e.g., [81]). Moreover, some authors only assume
the presence of a right identity ε in a left loop, i.e., aε = a for all
a in L. The literature is not consistent here.

For completeness, we record a few observations. They are all easy
consequences of the definitions.

(2.2) Let L be a groupoid and a ∈ L.
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(1) If every element in L has a (unique!) inverse, then
(a−1)−1 = a.

(2) a is left alternative if and only if λ2
a = λa2 .

(3) L is a left loop if and only if λb is bijective for every b ∈ L.
We shall use this frequently without specific reference.

A. Left Loops and the Left Multiplication Group

In a left loop L, all the maps λa are bijective. Therefore, λ(L) :=
{λa; a ∈ L} generates a group

M� = M�(L) := 〈λa; a ∈ L〉

called the left multiplication group of L. In fact, M� is a subgroup
of SL, the symmetric group on the set L. In this setting, it makes
sense to define for all a, b ∈ L the precession map

δa,b := λ−1
ab λaλb.

Obviously, these mappings are characterized by the property

a · bx = ab · δa,b(x) for all x ∈ L.

Furthermore, let

D = D(L) := 〈δa,b; a, b ∈ L〉

be the subgroup of M� generated by all precession maps δa,b, a, b ∈
L. The set D is called the left inner mapping group. In [81] the
name structure group 1 has been used. The elements of D are
called left inner mappings. Notice that left inner mappings fix 1.
In accordance with a definition from §1, we shall say that a subset
S of D is fixed point free if it acts fixed point free on L#.

For completeness and for easier referencing we record

1 It does not say very much about the structure of L, e.g., every group
has D = {1}.
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(2.3) For a left loop L the following are equivalent

(I) L is associative;

(II) L is a group;

(III) The map λ : L→M� is an isomorphism;

(IV) M� = λ(L);

(V) D = {1}.
Proof. (I) =⇒ (II): For every a ∈ L there exists a′ ∈ L such that
aa′ = 1. Therefore, L is a group.

(II) =⇒ (III): For a, b, c ∈ L we have a · bc = ab · c, hence λaλb =
λab , and λ is monomorphism. Thus λ(L) is a group, hence λ(L) =
M� .

“(III) =⇒ (IV)” and “(V) =⇒ (I)” are trivial.

(IV) =⇒ (V): Let α ∈ D, then α(1) = 1. By assumption there
exists a ∈ L with α = λa . This implies a = 1, and α = 1.

We put down some basic properties of automorphisms. As for
groups, the reader convinces herself that for every automorphism
α of the groupoid L we have α(1) = 1 (always), and α(a−1) =
α(a)−1 if every a ∈ L has a (unique) inverse.2 These observations
will be used freely throughout this work.

(2.4) Let α be a permutation of the groupoid L.

(1) The following are equivalent

(I) α ∈ AutL;

(II) α(1) = 1 and ∀a ∈ L : αλaα
−1 ∈ λ(L);

(III) ∀a ∈ L : αλaα
−1 = λα(a).

(2) If L is a left loop, α ∈ AutL, and a, b ∈ L, then αδa,bα
−1 =

δα(a),α(b).

Proof. (1) (I) =⇒ (II): α(1) = 1 is true by a previous remark.
Furthermore,

αλaα
−1(x) = α(aα−1(x)) = α(a)x = λα(a)(x) for all x ∈ L.

2 The existence of inverses can be relaxed to the existence of unique
right inverses if L is a left loop, and the like. We have not tried to be
most general.
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Therefore αλaα
−1 ∈ λ(L).

(II) =⇒ (III): αλaα
−1 = λc for some c ∈ L. Applying both sides

to 1 and using α−1(1) = 1 yields α(a) = c.

(III) =⇒ (I): If a, b ∈ L, then α(ab) = αλa(b) = αλaα
−1α(b) =

λα(a)α(b) = α(a)α(b).

(2) is a direct consequence of (1) and the definition of δa,b.

Part (1) of the preceding theorem for loops is due to Albert [2;
§9 and Thm. 9]. The following, which is [2; Thm. 8], is an easy
corollary.

(2.5) The map AutL→ AutM�(L); α �→ α̂ is a monomorphism.

Remarks. 1. Albert gives a generalization of (2.4.1) for anti-
automorphisms in [2; Thm. 10]. We will not dwell on this.

2. (2.4.1) can also be generalized to arbitrary homomorphisms.
This is left to the reader.

By duality, for right loops L we’d have to consider

Mr := 〈�a; a ∈ L〉 ,

the right multiplication group, and would get analogous results.
If L is a loop one can also study the (full) multiplication group
M := 〈M� ∪Mr〉 . This has been done for instance by Bruck

in [20].

B. Transversals and Sections

Let G be a group with a subgroup Ω. A set L of representatives
of the left cosets of Ω in G with 1 ∈ L, will be called a transversal
of G/Ω. More precisely, we require that

L ⊆ G such that ∀g ∈ G : |L ∩ gΩ| = 1 and 1 ∈ L.

By abuse of language, we’ll simply refer to L as a “transversal of
the coset space G/Ω”. This is meant to express that G is a group
with a subgroup Ω and a transversal L.
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By the axiom of choice, transversals always exist. We have

(2.6) Let L be a left loop.

(1) D(L) = {α ∈M�;α(1) = 1}.
(2) λ(L) is a transversal of M� /D .
Proof. (1) Let S := {α ∈M�; α(1) = 1}. It is clear that D ⊆ S.

Let K := {α ∈ M�; α ∈ λα(1)D}. We shall prove that K = M� .
This will imply for α ∈ S that α ∈ λα(1)D = D, hence D = S.

K is not empty, since 1 ∈ K. For b ∈ L,α ∈ K, there exists β ∈ D
such that

λbα = λbλα(1)β = λbα(1)δb,α(1)β ∈ K,
and for c ∈ L with α(1) = bc (i.e., c = λ−1

b α(1))

λ−1
b α = λ−1

b λα(1)β = λcλ
−1
c λ−1

b λbcβ = λcδ
−1
b,cβ ∈ K.

Now, every element of M� is a finite product of λb ’s and λ−1
b ’s,

thus we can conclude that M�K ⊆ K. This implies M� = K,
which is all we needed to show.

(2) By (1) we have that λaD, a ∈ L, contains exactly the elements
α of M� with α(1) = a. Therefore, λaD = λbD ⇐⇒ a = b. On
the other hand, given α ∈ M�, we have α ∈ λα(1)D . Hence the
result.

Remarks. 1. Statement (1) occurs in a slightly different context
as [20; IV Lemma 1.2 p. 61]. The proof is adapted to our situation
(see also [67; Prop. 1.1]).

2. If L is a transversal of G/Ω, then G = LΩ, where each g ∈ G
has a unique decomposition g = aω, a ∈ L, ω ∈ Ω. Therefore, in
[81] G = LΩ has been called a direct decomposition.

As a converse of (2.6), we’ll now show how a transversal always has
the structure of a left loop. In the future, we’ll tacitly assume that
transversals are endowed with this structure.

(2.7) Theorem. Let L be a transversal of the coset space G/Ω.
We have

(1) For a, b ∈ L there are unique a ◦ b ∈ L and da,b ∈ Ω such that
ab = (a ◦ b)da,b.
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(2) (L, ◦) is a left loop.

(3) If G′ is a subgroup of G containing L, i.e., L ⊆ G′, and Ω′ :=
G′ ∩ Ω, then L is a transversal of G′/Ω′ and the multiplications
obtained from G/Ω and G′/Ω′ coincide.

(4) The following are equivalent

(I) L is a loop;

(II) For every a, b ∈ L we have |La ∩ bΩ| = 1;

(III) For every g ∈ G, L is a transversal of gΩg−1;

(IV) For every g ∈ G, gLg−1 is a transversal of Ω;

(V) For every a ∈ L, a−1La is a transversal of Ω.

(5) Two elements a, b ∈ L commute, i.e., a ◦ b = b ◦ a if and only
if [a, b] = a−1b−1ab ∈ Ω.

(6) Let L′ be a transversal of another coset space G′/Ω′ . If α :
G→ G′ is a homomorphism such that α(Ω) ⊆ Ω′ and α(L) ⊆ L′,
then α L : L → L′ is a homomorphism of loops, and α(da,b) =
dα(a),α(b) .3 In particular, for ω ∈ Ω we have ω̂ ∈ AutL if and
only if ωLω−1 = L.

Proof. (1) is clear from the definition.

(2) It is easy to see that 1 is an identity with respect to “◦”.

Let a, b ∈ L, and consider the equation a ◦ x = b. We can decom-
pose a−1b = x0ω , with x0 ∈ L, ω ∈ Ω, and obtain (a ◦ x0)da,x0 =
ax0 = bω−1. Hence a◦x0 = b, by uniqueness of the decomposition.
Let x1 ∈ L be another solution, then ax1d

−1
a,x1

= b = ax0ω, and
x1d

−1
a,x1

= x0ω. Uniqueness of the decomposition shows x0 = x1 .

(3) The only assertion, which is not completely trivial is L∩ gΩ′ �=
©� for every g ∈ G′. Now for g ∈ G′ there exists ω ∈ Ω with
gω ∈ L. This implies ω ∈ g−1L ⊆ G′, hence ω ∈ G′ ∩ Ω = Ω′.

The last statement is clear, too, since da,b ∈ Ω′.

(4) (I) =⇒ (II): For a, b ∈ L there exists a unique x ∈ L such that
x ◦ a = b. Hence La ∩ bΩ = {xa}.

3 For briefness we do not distinguish the d ’s formed in G and G′ in
our notation.
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(II) =⇒ (III): Let g, h ∈ G. There exist a, b ∈ L, ω ∈ Ω such that
g = aω and b ∈ hgΩ. Now

|L ∩ hgΩg−1| = |Lg ∩ hgΩ| = |Lgω−1 ∩ bΩω−1| = |La ∩ bΩ| = 1.

Since 1 ∈ L anyway, we’re done.

(III) =⇒ (IV): Apply the inner automorphism ĝ−1 : x �→ g−1xg
to see that g−1Lg is a transversal of Ω.

“(IV) =⇒ (V)” is trivial.

(V) =⇒ (I): Let a, b ∈ L. By assumption, |a−1La ∩ a−1bΩ| = 1,
i.e., there exist exactly one x ∈ L, and exactly one d ∈ Ω, such
that a−1xa = a−1bd. Thus x is the unique solution of the equation
x ◦ a = b.

(5) Assume first that a, b commute, then

abd−1
a,b = a ◦ b = b ◦ a = bad−1

b,a =⇒ [a, b] ∈ Ω.

Conversely, [a, b] ∈ Ω implies ba ∈ abΩ, hence

bad−1
b,a, abd

−1
a,b ∈ L ∩ abΩ =⇒ bad−1

b,a = abd−1
a,b,

and a, b commute.

(6) Let a, b ∈ L. We decompose α(a)α(b) according to (1) in two
ways

α(a)α(b) = α(ab) = α
(
(a ◦ b)da,b

)
= α(a ◦ b)α(da,b)

=
(
α(a) ◦′ α(b)

)
d′

α(a),α(b) ,

where ◦′ and d′ refer to L′. The uniqueness of the decomposition
and the assumptions imply α(a ◦ b) = α(a) ◦′ α(b) and α(da,b) =
d′

α(a),α(b). The last statement is now obvious.

The symbol da,b will be used with the meaning of the theorem
whenever it makes sense in a given context. We’ll not comment on
this any further.

Given a transversal L of G/Ω, one can define a map

σL : G/Ω → G; A �→ σL(A) by A ∩ L = {σL(A)}.
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This makes sense because A ∩ L has exactly one element for ev-
ery left coset A. Notice that A = σL(A)Ω, so σL “chooses” a
representative for each coset of Ω in G. Now

A ∗B := σL(A)B, A,B ∈ G/Ω

defines a left loop multiplication on G/Ω. In fact, it is straightfor-
ward to verify that

σL : (G/Ω, ∗) → (L, ◦)

is an isomorphism. So the preceding remark gives only a different
description of the construction in (2.7). Note also that using σL

it’s particularly easy to write up a proof of (2.7.2).

Conversely, for a group G with a subgroup Ω, a map σ : G/Ω → G
is called a section if σ(Ω) = 1 and πσ = 1, where π : G →
G/Ω; g �→ gΩ is the quotient map. Clearly, σ(G/Ω) is a transver-
sal of G/Ω. The corresponding section σσ(G/Ω) as above is σ again.
Note that σL is a section, and σL(G/Ω) = L. Thus there is no es-
sential difference in using transversals or sections. Some authors
call the set σ(G/Ω) a section.

Abusing language again, we’ll briefly say: “σ is a section of the
coset space G/Ω”.

In the sequel, we’ll switch freely between transversals and their
corresponding sections, somewhat biased to transversals, though.

Finally, we remark that sections have also been called “cross sec-
tions” in the literature (e.g., in [46]).

One advantage of the use of sections is that they allow to express
topological conditions more easily, and sometimes more naturally
(see e.g., [46] or [88]).

We’ll now establish connections between various objects inside a
group and objects coming with the left loop structure on a transver-
sal in that group.

So let L be a transversal of the coset space G/Ω, with corre-
sponding section σ : G/Ω → G, i.e., σ(G) = L. We can use σ
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to induce a permutation representation of G on L, by putting

θ :


G→ SL

g �→ θg :

{
L→ L

a �→ σ(gaΩ) .

g
G/Ω −→ G/Ω
↓σ ↓σ

θg
L −→ L

The construction of θ is illustrated by the diagram. Notice that
L→ G/Ω; a �→ aΩ inverts σ, thus σ : G/Ω → L is a bijection.

(2.8) Theorem. Using the notation just introduced, we have

(1) θ is a homomorphism with kernel N =
⋂

h∈G hΩh
−1. Thus, N

is the core of Ω in G. In other words, θ is a permutation represen-
tation of G on L, which is equivalent to the natural permutation
representation of G on G/Ω via (1, σ).

(2) θ L = λ, i.e., for a, b ∈ L we have θa(b) = a ◦ b. In particular,
θ L is injective.

(3) θda,b
= δa,b, for all a, b ∈ L, where da,b = (a ◦ b)−1ab ∈ Ω (see

(2.7)).

(4) If the set L generates G as a group, then

θ(G) = M�(L) and θ(Ω) = D(L), hence D(L) ∼= Ω/N.

(5) If Ω is a normal subgroup of G, then σ : G/Ω → L is an
isomorphism, and L is a group. Conversely, if the set L generates
G as a group, and (L, ◦) is a group, then Ω is a normal subgroup
of G.

(6) For ω ∈ Ω if ωLω−1 ⊆ L, then θω = ω̂ ∈ AutL. If ωLω−1 ⊆ L
for all ω ∈ Ω, then

D(L) ⊆ θ(Ω) = Ω̂ ⊆ AutL.

Note that θ(Ω) ∼= Ω/N, and N = CΩ(L).

(7) If σ′ : G/Ω → G is another section and L′ := σ′(G/Ω), then
the following are equivalent

(I) the multiplications induced on G/Ω by σ and σ′ coincide;

(II) σ′σ−1 : L→ L′ is an isomorphism of left loops;

(III) there exists a map Ξ : L→ L′ such that aN = Ξ(a)N for
all a ∈ L;
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(IV) ∀A ∈ G/Ω : σ′(A) ∈ σ(A)N.

In the above situation, we necessarily have Ξ = σ′σ−1.

Proof. (1) Let g, h ∈ G, a ∈ L, then

θgθh(a) = σ
(
gσ(haΩ)Ω

)
= σ(ghaΩ) = θgh(a).

Thus θ is a homomorphism. In particular, θg is invertible.

g ∈ G is in the kernel of θ if and only if

∀a ∈ L : θg(a) = a ⇐⇒ ∀a ∈ L : gaΩ = aΩ

⇐⇒ ∀h ∈ G : gh ∈ hΩ ⇐⇒ ∀h ∈ G : h−1gh ∈ Ω

⇐⇒ g ∈
⋂

h∈G

hΩh−1,

since L is a transversal of G. So N is indeed the core of Ω in G.

Finally, it is direct to see that σ : G/Ω → L induces the given
equivalence (see also the diagram just before the statement of the
theorem).

(2) For a, b ∈ L we have θa(b) = σ(abΩ) = a ◦ b, by definition.

(3) θda,b
= θ(a◦b)−1ab = θ−1

(a◦b)θaθb = λ−1
(a◦b)λaλb = δa,b, by (1)

and (2).

(4) From (2) follows θ(L) = λ(L) ⊆M� . Thus a generating set of
G is mapped onto a generating set of M� . This implies θ(G) =
M� .

For all g ∈ G we have

θg(1) = 1 ⇐⇒ σ(gΩ) = 1 = σ(Ω) ⇐⇒ g ∈ Ω.

Together with (2.6) this implies θ(Ω) = D(L). The last assertion
is now clear.

(5) For a, b ∈ L we have σ(aΩbΩ) = σ(abΩ) = a ◦ b. Since L is a
transversal, σ is a homomorphism. It is bijective by definition.

If L is a group, then D(L) = {1}, (2.3). By assumption we can
apply (4), to conclude that Ω = N. Hence Ω is normal.
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(6) The first statement follows from (2.7.6), since for all a ∈ L we
have

θω(a) = σ(ωaω−1Ω) = ωaω−1 = ω̂(a).

Together with (3) we obtain D ⊆ θ(Ω) ⊆ AutL. The remaining
claims are trivial.

(7) (I) =⇒ (II): Since both σ : G/Ω → L and σ′ : G/Ω → L′ are
isomorphisms, then so is σ′σ−1.

(II) =⇒ (III): For a, b ∈ L we have

σ′(abΩ) = σ′σ−1(a ◦ b) = σ′σ−1(a) ◦ σ′σ−1(b)

= σ′(σ′σ−1(a)σ′(bΩ)Ω
)
.

σ′ is injective, so we can conclude

abΩ = σ′σ−1(a)bΩ, hence a ∈ σ′σ−1(a)bΩb−1.

This is true for arbitrary b ∈ L, and since L is a transversal, it is
in fact true for every b ∈ G. Thus Ξ := σ′σ−1 qualifies.

(III) =⇒ (IV): For A ∈ G/Ω, we have

Ξσ(A) ∈ σ(A)N ⊆ σ(A)Ω = A.

Therefore, Ξσ(A) = σ′(A), and σ′(A) ∈ Ξσ(A)N = σ(A)N.

(IV) =⇒ (I): For A,B ∈ G/Ω let n ∈ N be such that σ′(A) =
σ(A)n. Then for any b ∈ B

σ′(A)B = σ(A)nbΩ = σ(A)b(b−1nb)Ω = σ(A)bΩ = σ(A)B.

Hence the two multiplications on G/Ω coincide.

For the final remark we observe that Ξσ(aΩ) ∈ L′, hence Ξσ(aΩ) =
σ′(aΩ) for all a ∈ L. Injectivity implies Ξσ = σ′, and Ξ = σ′σ−1.

If the two transversals L,L′, or the two sections σ, σ′ satisfy the
conditions in (7) of the preceding theorem, they are called congru-
ous. From the point of view of loop theory, it makes no essential
difference to pass from a transversal (or section) to a congruous one.
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If N = {1}, then “congruous” is the same as “equal”. Similarly,
there is no loss of generality to considering G/N instead.

θ is called the natural permutation representation of G on L. By
the permutation group (G,L) we’ll always refer to the natural
permutation representation.

Remarks. 1. In general, the image of θ is strictly bigger than
M�(L).

2. Parts (1), (2) and (5) of the last theorem are taken from [8;
1.1, 2.5], (4) and (7) are generalizations of [8; (1.5), 2.3]). We
have modernized and simplified exposition and proof. Part (6)
generalizes [81; (3.7)].

3. (12.3.1) provides examples of left loops with (2.8.6), which are
not loops.

The left loops which satisfy (2.8.6) are so important that they are
given a name:
A left loop L is called A� , or A� -left-loop if D(L) ⊆ Aut(L). This
is equivalent to the (formally weaker) requirement that δa,b be an
automorphism of L for every a, b ∈ L. The “�” in the index refers
to the fact that D was defined to be the left inner mapping group
of L. A loop with A� will be called an A� -loop. They have also
been called weak K-loops or WK-loops.

If the right inner mappings (defined analogously using right trans-
lations), and all maps of the form λa�

−1
a , a ∈ L, are also automor-

phisms, then the loop is called an A-loop. In [19] the theory of
A-loops has been studied.

The construction in the theorem can be seen in a (formally) more
general perspective: Let G be a group acting transitively on a set
P. If Ω is the point stabilizer of e ∈ P, say, then the map

φ :

{
G/Ω → P

γΩ �→ γ(e)

gives an equivalence (1, φ) of the permutation groups (G,G/Ω)
and (G,P ), see (1.3.2). With this premise we obtain a corollary to
(2.8.1) (which is illustrated by a diagram):
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(2.9) Let σ : G/Ω → G be a section with
corresponding transversal L := σ(G/Ω). Then
(1G, σφ

−1) is an equivalence from (G,P ) to
(G,L).

The left loop structure of L can be carried over
to P via the (bijective) map φσ−1

L. Here’s

γ
P −→ P

↑φ ↑φ
γ

G/Ω −→ G/Ω
↓σ ↓σ
L −→ L

another way to describe the resulting multiplication on P.

(2.10) Theorem. Let (G,P ) be a permutation group. For fixed
e ∈ P, let Ω be the stabilizer of e in G and let µ : P → G;x �→ µx

be a map such that µx(e) = x for all x ∈ P.
(1) (G,P ) is transitive.

(2) For every section σ : G/Ω → G we have φσ−1(α) = α(e) for
all α ∈ σ(G/Ω).

(3) µ(P ) is a set of representatives of the left cosets of Ω in G,
and L := µ(P )µ−1

e is a transversal of the coset space G/Ω, i.e., L
is a left loop.

(4) If µe = 1, let x • y := µx(y) for all x, y ∈ P, then the map
φσ−1 : L → (P, •) is an isomorphism, where σ is the section
corresponding to L = µ(P ). Moreover, µ : P → L and φσ−1

L
are inverse mappings.

Proof. (1) is clear; and (2) follows directly from the definitions.

(3) For γ ∈ G, we have γ−1µγ(e) ∈ Ω, and µ(P ) ∩ γΩ = {µγ(e)}.
Therefore, µ(P ) is a set of representatives of the left cosets of Ω
in G. Likewise L ∩ γΩ = {µγ(e)µ

−1
e }. Moreover, 1 ∈ L, thus L is

a transversal.

(4) We’ll use (2) freely. For x ∈ P we have φσ−1µx = µx(e) = x,
thus φσ−1µ = 1. For α ∈ L, we find µφσ−1(α) = µα(e) = α, since
there is exactly one element in L which maps e to α(e). Therefore
µφσ−1 = 1, as well. This shows the last assertion; in particular,
φσ−1 is bijective.

Denoting the multiplication in L by ◦, we compute for all α, β ∈ L
φσ−1(α ◦ β) = φσ−1(σ(αβΩ)

)
= φ(αβΩ) = αβ(e)

!= µα(e)
(
β(e)

)
= α(e) • β(e).

Using (2), this shows that φσ−1 is a homomorphism.
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In the situation of (4) in the theorem (P, •) is called the natural
left loop structure on P.

Now assume for a moment that L is an arbitrary subset of G which
contains 1 and acts regularly on P. Then for all x ∈ P, we have
a unique µx ∈ L such that µx(e) = x. As in the preceding lemma
we put

x • y := µx(y) for all x, y ∈ P .

Then (P, •) is a left loop with identity e. In fact, P is a loop:

(2.11) Theorem. Let (G,P ) be a permutation group. For fixed
e ∈ P, let Ω be the stabilizer of e.

(1) If L is a subset of G, containing 1, which acts regularly on P,
then L is a transversal of G/Ω. Furthermore, L is a loop, and the
map φσ−1 : L→ (P, •) is an isomorphism, where σ is the section
corresponding to L.

(2) If L is a loop transversal of the coset space G/Ω, then L acts
regularly on P.

(3) If L′ is a subset of G, acting regularly on P, then L := L′α−1

satisfies the hypothesis of (1) for arbitrary α ∈ L′. In particular,
L is a loop transversal.

Proof. (1) In view of (2.10), we only have to prove that for all
a, b ∈ P the equation x • a = b has a unique solution x in P.
Indeed, there exists exactly one α ∈ L with α(a) = b, since L acts
regularly. Therefore α(e) is the desired solution.

(2) Let σ be the section corresponding to L. For a, b ∈ P put
α := σφ−1(a), β := σφ−1(b) ∈ L. By hypothesis there exists a
unique ξ ∈ L with ξ ◦ α = β. From (1) we have α(e) = a and
β(e) = b, therefore we can compute

ξ(a) = ξα(e) = φ(ξαΩ) = φσ−1(ξ ◦ α) = φσ−1(β) = β(e) = b.

The uniqueness of ξ comes from the uniqueness of the solution
in L.

(3) Clearly, 1 ∈ L. For a, b ∈ P there exists γ ∈ L with
γ
(
α−1(a)

)
= b. Hence L acts regularly on P.
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C. Transassociants and the Quasidirect Product

If L is a left loop with left inner mapping group D = D(L), the
group M� can be constructed directly. The procedure is due to
Sabinin [105, 106]. His main idea was to put the “obstruction”
into the map

χ :

{
L× SL → SL

(a, α) �→ λ−1
α(a)αλaα

−1 .

Before we present Sabinin’s construction, we collect a few simple
observations.

(2.12) Let a ∈ L and α ∈ SL. We have

(1) α ∈M� =⇒ λ−1
α(a)αλa ∈ D .

(2) χ(L×M�) ⊆M� and χ(L×D) ⊆ D .
(3) α ∈ AutL ⇐⇒ ∀a ∈ L : χ(a, α) = 1.

Proof. (1) The map λ−1
α(a)αλa is clearly in M�, and fixes 1. By

(2.6.1) it is an element of D .
(2) is clear from (1); and (3) is just a rewording of (2.4.1).

In view of (3), χ can also be seen as a measure how much a map
α ∈ SL deviates from an automorphism.

Subsets T of SL with χ(L × T ) ⊆ T will be called χ-invariant .
Following Sabinin (see [88]), we call a χ-invariant subgroup of
SL which fixes 1 and contains D(L) a transassociant of L. We
emphasize that transassociants are groups by definition. By the
preceding lemma D, AutL, and M� are examples of χ-invariant
sets. D is a transassociant, and AutL is a transassociant if and
only if D ⊆ AutL, i.e., L is A� .

The main point of these definitions is the construction of the qua-
sidirect product.

(2.13) Theorem. Let (L, · ) be a left loop, and let T be a transas-
sociant of L. Then

(1) L×Q T, the set L× T with the multiplication

(a, α)(b, β) :=
(
a · α(b), δa,α(b)χ(b, α)αβ

)
,
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for all (a, α), (b, β) ∈ L × T, is a group. The inverse of (a, α) ∈
L×Q T is given by

(a, α)−1 =
(
α−1(a′), α−1χ

(
α−1(a′), α

)−1
δ−1
a,a′

)
,

where a′ = λ−1
a (1) is the right inverse of a in L.

(2) L×Q T acts faithfully and transitively on L by

(a, α)(x) := a · α(x) for all (a, α) ∈ L×Q T, x ∈ L .

(3) The map T → L ×Q T ; α �→ (1, α) is a monomorphism. The
image will be denoted by 1 × T. It is the stabilizer of 1 for the
above described action of L×Q T on L.

(4) The set L × 1 := {(a,1); a ∈ L} is a transversal of the coset
space L ×Q T/1 × T. The map L → L × 1; a �→ (a,1) is an
isomorphism of left loops.

The Proof of (1) and (2) can be done simultaneously by looking at
the map

Φ :

{
L×Q T → SL

(a, α) �→ λaα
.

For all (a, α), (b, β) ∈ L×Q T, x ∈ L, we compute

Φ(a, α)Φ(b, β)(x) = a · α(b · β(x)
)

= a · λα(b)λ
−1
α(b)αλbα

−1αβ(x)

= a · (α(b) · χ(b, α)αβ(x)
)

=
(
a · α(b)

) · δa,α(b)χ(b, α)αβ(x)

= Φ
(
a · α(b), δa,α(b)χ(b, α)αβ

)
(x).

Therefore, Φ is a homomorphism. Φ is injective: if (a, α)(x) =
(b, β)(x) for all x ∈ L, then by substituting x = 1 we find a = b,
and then α = β.

The verification of the given inverse is a straightforward, though
tedious calculation. Note that it’s sufficient to show that it is a
right inverse, since we know already that (a, α) is invertible.

We have thus proved that L×Q T is in fact a group, which acts on
L in the described way.
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(3) By definition, the map is a monomorphism, and 1× T is con-
tained in the stabilizer of 1. Let (a, α) ∈ L×QT with 1 = a·α(1) =
a, hence a = 1 and (a, α) is in the image of our map.

(4) Clearly, L×1 is a transversal. Denote the corresponding section
by σ, and the multiplication on L×1 by “◦”. For a, b ∈ L, α ∈ T
we compute

(a,1)(b,1)(1, α) = (ab, δa,bα) = (ab,1)(1, δa,bα) ∈ (ab,1)(1× T ),

therefore

(a,1) ◦ (b,1) = σ
(
(a,1)(b,1)(1× T )

)
= (ab,1).

We conclude that the given map is a homomorphism, which is
obviously bijective.

The group L ×Q T of the preceding theorem will be called the
quasidirect product of L with T. Frequently, we’ll write L and T
rather than L × 1, 1 × T, respectively. The (natural) action of
L×Q T on L will be used without mention.

As an immediate corollary we get the promised direct construction
of M� . Indeed, using notation from the proof of (1), (2.6.2) shows
Φ(L×Q D) = M� . This gives

(2.14) For every left loop L, the map L×QD →M�; (a, α) �→ λaα
is an isomorphism.

The multiplication in the quasidirect product becomes particularly
simple — and more natural — when the group T is sitting inside
AutL. In this case (see (2.12.3)) the map χ becomes redundant,
the “obstruction” disappears. Since D is a subgroup of T, this can
only happen, when L is A� . Thus we have the corollary

(2.15) Let (L, · ) be a left loop, and let T be a transassociant of L,
with T ⊆ AutL. Then L is A� , and for all (a, α), (b, β) ∈ L×Q T,
we have

(a, α)(b, β) =
(
a · α(b), δa,α(b)αβ

)
,

and
(a, α)−1 =

(
α−1(a′), α−1δ−1

a,a′

)
,
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where a′ = λ−1
a (1) is the right inverse of a in L.

Transassociants pop up naturally when we deal with transversals.

(2.16) Theorem. Let G be a group with a subgroup Ω and
a transversal L. Let θ : G → SL be the natural permutation
representation of G on L. Then θ(Ω) is a transassociant of L,
and the map L×Q θ(Ω) → θ(G); (a, α) �→ λaα is an isomorphism.
Thus the permutation groups

(
L ×Q θ(Ω), L

)
and

(
θ(G), L

)
are

equivalent.

Proof. First observe that θ(Ω) is the stabilizer of 1 in θ(G). For
a ∈ L, ω ∈ Ω, we have

χ(a, θω) = λ−1
θω(a)θωλaθ

−1
ω

so 1 is clearly fixed. Since λa = θa for all a ∈ L, we can conclude
χ
(
a, θ(Ω)

) ⊆ θ(Ω). Therefore, θ(Ω) is a χ-invariant subgroup of
θ(G).

From (2.8.3) we derive that D ⊆ θ(Ω), thus θ(G) is a transasso-
ciant, and L×Q θ(Ω) is well-defined.

For all (a, α), (b, β) ∈ L×Q θ(Ω) we have

λaαλbβ = λaλα(b)λ
−1
α(b)αλbα

−1αβ = λa·α(b)δa,α(b)χ(b, α)αβ,

so the given map is a homomorphism. It is injective, since its kernel
is clearly trivial (see also the proof of (2.13)).

For every element g ∈ G there are (unique) a ∈ L and ω ∈ Ω such
that g = aω. Hence θg = θaθω = λaθω, by (2.8.2). Therefore θg

has the preimage (a, θω) ∈ L×Q θ(Ω) and the map is surjective.

The last assertion is clear.

If the map θ is injective, i.e., if Ω is corefree, we will also write
L×Q Ω instead of the more clumsy L×Q θ(Ω).

Remarks. 1. (2.14) has been used in many different places to
construct M� for A� -loops, e.g., [67; §2], [74; p. 28], [88].

2. The semidirect product for groups is a quasidirect product if
the action is faithful. However, the quasidirect product is not a
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generalization of the semidirect product, since the direct product,
for instance, is not a special case of the quasidirect product.

3. Kinyon and Jones [73] have introduced a common general-
ization of the quasidirect product and the semidirect product for
groups. Their conditions for the construction to work are rather
complicated.

4. With G, L, Ω and θ as in the preceding theorem, let T := {α ∈
SL; α(1) = 1} be the stabilizer of 1 in SL. It’s easy to see that T
is a transassociant, and that SL

∼= L ×Q T. Therefore θ induces
a homomorphism θ′ : G → L ×Q T such that θ′(a) = (a,1) for
all a ∈ L, and θ′

L induces an isomorphism of the loops. Notice
that L×Q T is universal with these properties. This is the content
of [83].

5. With G, L, and Ω as in the preceding theorem, the construction
of the quasidirect product can be generalized, if L is Ω invariant.
Then L×Ω can be made into a group isomorphic to G by putting

(a, α)(b, β) :=
(
a◦ α̂(b), da,α̂(b)αβ

)
for all (a, α), (b, β) ∈ L× Ω,

where “◦” denotes the loop multiplication in L. The isomorphism
is given by the map (a, α) �→ aα. The details will be left to the
reader.4 We emphasize that this is only more general, when Ω is
not corefree.

4 For the proof of associativity it is helpful to note that da,α̂(b)αβ =
(a ◦ α̂(b))−1aαbβ. This follows from (2.8).
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A. The Left Inverse Property

The following lemma gives an important characterization of the left
inverse property. The material is taken from [20; VII.1] and [81;
(2.6)].

(3.1) Let L be a groupoid.

(1) The following are equivalent

(I) L satisfies the left inverse property;

(II) ∀a ∈ L there exists a (unique) inverse a−1 ∈ L and
λa−1 = λ−1

a ;

(III) ∀a ∈ L : λ−1
a ∈ λ(L);

(IV) ∀a ∈ L there exists a′ ∈ L with λaλa′ = 1;

(V) L is a left loop, and ∀a ∈ L there exists a′ ∈ L such that
a′a = 1 and δa′,a = 1;

(VI) L is a left loop, and ∀a, a′ ∈ L with aa′ = 1 we have
δa,a′ = 1;

(VII) L is a left loop with unique inverses, and ∀a, b ∈ L we have
(ab)−1 = δa,b(b−1a−1).

(2) The conditions in (1) imply that the unique solution of the
equation ax = b, a, b ∈ L, is x = a−1b.

Proof. (1) We follow the scheme to the
right:

(I) =⇒ (II): For a ∈ L, let a′ be a left
inverse of a with a′ · ax = x,∀x ∈ L.
This equation is equivalent to λa′λa =
1. Hence λa is injective for all a ∈ L.

(I) → (II)
↗ ↙ ↘

(III) ← (VI) (VII)
↖ ↙

(V) ← (IV)

Now a′ · aa′ = a′ = a′1 implies aa′ = 1. If a′′ is another right
inverse of a, then a′ = a′ · aa′′ = a′′, and a′ = a−1 is the (unique)
inverse of a. The equation λa−1λa = 1 also implies that λa−1 is
surjective, hence bijective.

H. Kiechle: LNM 1778, pp. 43–52, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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(II) =⇒ (VII): L is a left loop (with unique inverses), since λa is
invertible for all a ∈ L. Now, for all a, b ∈ L we have

ab · δa,b(b−1a−1) = a(b · b−1a−1) = a(λbλb−1(a−1)) = aa−1 = 1,

and the result follows.

(VII) =⇒ (IV): Let a, x ∈ L. Since L is a left loop, we have

1 = x−1a · δx−1,a(a−1x) = x−1(a · a−1x) = x−1λaλa−1(x).

This implies λaλa−1(x) = x, therefore λaλa−1 = 1.

(IV) =⇒ (V): From λaλa′ = 1 we derive that λa is surjective,
and λa′ is injective for all a ∈ L. Therefore λa′ is bijective and
λa = λ−1

a′ . Thus L is a left loop. The other statements are easy.

(V) =⇒ (III): For every x ∈ L we have

λa′λa(x) = a′ · ax = a′a · δa′,a(x) = x, thus λa′λa = 1.

Since λa is bijective, we can conclude that λ−1
a = λa′ ∈ λ(L).

(III) =⇒ (I): For a′ ∈ L with λ−1
a = λa′ we have a′ · ax =

λa′λa(x) = x.

(II) =⇒ (VI): Clearly, a′ = a−1. Therefore δa,a′ = δa,a−1 =
λ−1

aa−1λaλa−1 = λaλ
−1
a = 1.

(VI) =⇒ (III): 1 = δa,a′ = λ−1
aa′λaλa′ = λaλa′ . By hypothesis λa

is bijective, hence λ−1
a = λa′ ∈ λ(L).

(3) To solve the equation ax = b, we simply multiply it by a−1 on
both sides.

The proofs also show all but the last statement of

(3.2) Let L be a left loop and a ∈ L. Then a satisfies the left
inverse property if and only if there exists a′ ∈ L with λa′ = λ−1

a .
If this is the case, then a has a unique inverse a′ = a−1, and for
all b ∈ L we have

δa−1,abδa,b = 1.

Proof of the last statement.

δa−1,abδa,b = λ−1
a−1·abλa−1λabλ

−1
ab λaλb = λ−1

b λ−1
a λaλb = 1.
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Next we give a characterization of the left inverse property in terms
of transversals. The second part was inspired by [81; (3.9),(3.12)].

(3.3) Let (L, ◦) be a transversal of the coset space G/Ω. If
L−1 ⊆ L, where the inverses are taken in G, then we have

(1) L satisfies the left inverse property, and the inverses of elements
of L formed in (L, ◦) and in G coincide.

(2) The following are equivalent

(I) L satisfies the automorphic inverse property;

(II) For all a, b ∈ L : abd−1
a,b = da−1,b−1ba;

(III) For all a, b ∈ L there exists ω ∈ Ω such that abd−1
a,b = ωba.

Proof. (1) We shall use (2.8). In particular, let θ be the natural
permutation representation of G on L.

For a ∈ L we have a−1 ∈ L, therefore, λa−1 = θa−1 = θ−1
a = λ−1

a ,
and (3.1.1) shows the result.

(2) (I) =⇒ (II): abd−1
a,b = a ◦ b = (a−1 ◦ b−1)−1 =

(a−1b−1d−1
a−1,b−1)−1 = da−1,b−1ba.

“(II) =⇒ (III)” is trivial.

(III) =⇒ (I): (a ◦ b)−1 = (abd−1
a,b)

−1 = (ωba)−1 = a−1b−1ω−1 ∈ L.
Since also a−1 ◦ b−1 = a−1b−1d−1

a−1,b−1 ∈ L, we must have ω =
da−1,b−1 and (a ◦ b)−1 = a−1 ◦ b−1.

Fixed point free transassociants will be important in §7. We record
some simple consequences when D is fixed point free.

(3.4) Let L be a left loop such that D(L) acts fixed point free on
L#. If every element of L has unique inverses, i.e., ab = 1 =⇒
ba = 1, then L satisfies the left inverse property. If, in addition,
L is automorphic inverse, then L is also left alternative.

Proof. Let a ∈ L#. We have a = a · a−1a = aa−1 · δa,a−1(a) =
δa,a−1(a). The hypothesis enforces δa,a−1 = 1. Thus (3.1.1) shows
that L satisfies the left inverse property.

Assume L is also automorphic inverse. Then by (3.1.1) we have
for all a ∈ L

δa,a(a−1a−1) = (aa)−1 = (a−1)2.
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If (a−1)2 �= 1 we must have δa,a = 1, and a is left alternative. If
(a−1)2 = 1, then a = a−1, and a ·ax = x = a2x by the left inverse
property. Therefore every element of L is left alternative.

The following two lemmas will be useful for the upcoming discus-
sion of Kikkawa loops.

(3.5) Let L be a left loop, and for a ∈ L let a� denote the right
inverse, i.e., aa� = 1. Then any two of the following conditions
imply the third.

(I) L satisfies the left inverse property;

(II) L satisfies the automorphic inverse property;

(III) a(ab)� = b� for all a, b ∈ L.
Proof. Both, (I) and (III) imply unique inverses, i.e., a�a = 1:
For (I) this is in (3.1). For (III) put b = a� and compute (a�)� =
a(aa�)� = a thus a�a = 1. Therefore we can write a−1 = a�.

If (I) and (II) are valid, we can compute a(ab)−1 = a·a−1b−1 = b−1

for all a, b ∈ L.
(I) and (III): a(ab)−1 = b−1 implies (ab)−1 = a−1b−1 for a, b ∈ L.
Finally, from (II) and (III) we obtain a−1(ab) = a−1(a−1b−1)−1 =
b for all a, b ∈ L.
(3.6) Let L be a left loop with λ2

ab = λaλ
2
bλa for all a, b ∈ L, then

for all a, b ∈ L we have

(1) L has unique inverses and a(ab)−1 = b−1.

(2) ab = δa,b(ba).

(3) The left and automorphic inverse property are equivalent.

Proof. (1) We have (ab)2 = a(b ·ba) by applying the equation from
the hypothesis to 1. Now define a� by aa� = 1, and compute

aa� = 1 = a(a� · a�a) =⇒ a� = a� · a�a =⇒ a�a = 1.

Thus a� = a−1. Now we can calculate

ab · (ab · λ−1
a (b−1)

)
= λ2

ab

(
λ−1

a (b−1)
)

= λaλ
2
bλa

(
λ−1

a (b−1)
)

= ab.

Canceling ab and rearranging yields (ab)−1 = λ−1
a (b−1), which is

equivalent with the second assertion.
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(2) From the assumption we get λab = δa,bλbλa . Apply this to 1
for the result.

(3) follows directly from (1) and (3.5).

Remarks. 1. The identity (III) of (3.5) (in fact its dual) has been
studied by Johnson and Sharma [51].

2. (3.6.3) is due to Kinyon and Jones [73; Thm. 4.1.1].

B. Kikkawa Left Loops

We’ll now deal with the automorphic inverse property. An A� -left-
loop with the left and automorphic inverse property will be called
a Kikkawa left loop, and a Kikkawa loop if it is a loop.

(3.7) Theorem. Let L be a left loop with left inverse property.

(1) If L satisfies the automorphic inverse property, then for all
a, b ∈ L the following are equivalent

(I) The map ι : x �→ x−1 commutes with δa,b, i.e.,
ιδa,b = δa,bι;

(II) δa,b = δa−1,b−1 ;

(III) λ2
ab = λaλ

2
bλa .

(2) If L is an A� -left-loop, then for all a, b ∈ L we have

δa,b = δ−1
b−1,a−1 = δb,b−1a−1 .

(3) If L is a Kikkawa left loop, then the identities in (1) are satisfied
for all a, b ∈ L, and

δ−1
a,b = δb,a for all a, b ∈ L.

Proof. (1) (I) ⇐⇒ (II): ι is an automorphism of L, therefore,
using (2.4.2)

ιδa,bι = δι(a),ι(b) = δa−1,b−1 .

This is equal to δa,b if and only if ι commutes with δa,b, since ι is
an involution.
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(II) ⇐⇒ (III): Using the left and automorphic inverse property,
we obtain

δa,b = δa−1,b−1 ⇐⇒ λ−1
ab λaλb = λ−1

a−1b−1λa−1λb−1 = λabλ
−1
a λ−1

b

⇐⇒ λ2
ab = λaλ

2
bλa .

(2) Using (2.4.1) and (3.1.1) we can compute

δa,bλb−1a−1δ−1
a,b = λδa,b(b−1a−1) = λ(ab)−1 = λ−1

ab .

Rewriting this, and applying (3.1.1) repeatedly, we obtain

δa,b = λabδa,bλb−1a−1 = λaλbλb−1a−1

= λ−1
a−1λbλb−1a−1 = λ−1

b·b−1a−1λbλb−1a−1 = δb,b−1a−1

= λ−1
a−1λ

−1
b−1λb−1a−1 = δ−1

b−1,a−1 .

These are the claimed identities.

(3) If L is A� , then clearly ι centralizes D(L). Thus for a Kikkawa
left loop (1)(I) is satisfied. Combining (II) and (2) yields the last
identity.

Remarks. 1. In the proof of “(I) ⇐⇒ (II)”, the left inverse
property is not really needed, it suffices to have unique inverses.

2. The material has been generalized from [67; Prop. 1.13 and
Lemma 1.8]. “Kikkawa loop” is our terminology, Kikkawa called
them symmetric loops.

3. There do exist examples of Kikkawa left loops, which are not
loops, see (12.3.2).

The following lemma is due to Kreuzer [77; (1.4)]. We use basi-
cally his proof, but with weaker hypotheses.

(3.8) Let L be a loop which satisfies the identity (ab)2 = a ·b2a for
all a, b ∈ L. Then the map κ : L → L; x �→ x2 is injective if and
only if L contains no elements of order 2, i.e., a2 = 1 =⇒ a = 1
for all a ∈ L.
In particular, if L is a Kikkawa loop, then the general hypothesis
is true if and only if L left alternative.
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Proof. If κ is injective, then there is clearly only one element a ∈ L
with a2 = 1, namely a = 1.

Assume for the converse that κ(a) = κ(b), a, b ∈ L. There exists
c ∈ L with ac = b, thus

a2 = b2 = (ac)2 = a · c2a =⇒ c2 = 1 =⇒ c = 1.

Therefore a = b, and κ is injective.

Now assume that L is a Kikkawa loop, then for all a, b ∈ L we have
λ2

ab = λaλ
2
bλa by (3.7.3). Applying this to 1 gives (ab)2 = a(b ·ba),

which is equal to a · b2a if and only if b · ba = b2a. Hence the last
assertion.

Remark. A group satisfies the identity (ab)2 = a · b2a if and
only if it is commutative. Of course, for commutative groups the
conclusion of the lemma is well-known. It is even true for periodic
groups, i.e., groups such that every element is of finite order.

C. The Bol Condition

Recall that a groupoid L is called Bol if

a(b · ac) = (a · ba)c for all a, b, c ∈ L.

We begin with an almost trivial observation.

(3.9) For a groupoid L the following are equivalent

(I) L is Bol;

(II) λaλbλa = λa·ba for all a, b ∈ L;

(III) λaλ(L)λa ⊆ λ(L) for all a ∈ L.
Proof. “(I) =⇒ (II)” and “(II) =⇒ (III)” are trivial.

(III) =⇒ (I): For a, b ∈ L we have λaλbλa = λc for suitable c ∈ L.
Applying this to 1 yields c = a · ba. Thus we can compute for all
x ∈ L

a(b · ax) = λaλbλa(x) = λa·ba(x) = (a · ba)x,
and L is Bol.
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The following lemma will be useful, when we construct examples
later.

(3.10) Let L be a Bol groupoid.

(1) L is left alternative.

(2) If every a ∈ L has a right inverse a�, then a� is also a left
inverse of a.

(3) If every a ∈ L has a left inverse a′, then L is a Bol loop. In
particular, L satisfies the left inverse property, and for all a, b ∈ L,
we have

ax = b ⇐⇒ x = a−1b and

ya = b ⇐⇒ y = a−1(ab · a−1), where a−1 = a′ .

(4) If L is a Bol loop and U a non-empty subset of L subject to
the condition ∀a, b ∈ U : ab ∈ U, a−1 ∈ U, then U is a Bol subloop
of L.

Proof. (1) Put b = 1 in a(b · ac) = (a · ba)c.
(2) a�a = a�(a · a�a��) = (a� · aa�)a�� = a�a�� = 1.

(3) Our first aim is to prove the left inverse property:

λa′λa′′λa′ = λa′·a′′a′ = λa′ where a′′ = (a′)′.

Apply this to a to obtain a′a′′ = 1. Thus using (1), Bol, and (1)
again, we can compute

λa′′λa′λa′λa′′ = λa′′λ(a′)2λa′′ = λa′′·(a′)2a′′ = λa′′(a′·a′a′′) = 1.

Applying λa′′λa′ on the left and using the two displayed equations
above yields

λa′′λa′ = λa′′ λa′λa′′λa′ λa′λa′′ = λa′′λa′λa′λa′′ = 1.

Now a′′ = λa′′λa′(a) = a, and so λaλa′ = 1. Therefore (3.1) shows
that L is a left loop, that we can write a′ = a−1, and that the first
equivalence of the last statement is true.

To prove the second, we compute

a−1(ab · a−1) · a = a−1(ab · a−1a) = a−1 · ab = b,
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thus y is a solution. If y1 is another solution, then ya = y1a and
using the Bol identity we infer

ay = a(y · aa−1) = (a · ya)a−1

= (a · y1a)a−1 = a(y1 · aa−1) = ay1.

Since L is a left loop, y = y1, and the solution is unique. So L is
actually a loop.

(4) Clearly U is a groupoid, and in particular contains 1. The
hypotheses from (2) are inherited by U, so (2) gives the result.

As an immediate corollary we get

(3.11) A left loop with the Bol condition is a Bol loop.

Remarks. 1. A very similar, but slightly weaker result can be
found in [109; Thm. 2]. Here a left loop has been used, which is
only required to have a right identity ε. Variations of this are [81;
(2.13)], and under even stronger hypothesis [40; Lemma 2]. In [25]
(see also [102]) it is shown that a Bol quasigroup always has a right
identity.

2. Notice also that (Z,−), the integers with the binary operation
(a, b) �→ a− b , is a Bol quasigroup.

3. In this context it seems worthwhile to note that a quasigroup
satisfying any of the Moufang identities necessarily has an identity,
hence is a Moufang loop (cf. [82]).

4. The solution y from (3) in (3.10) occurs in [10; VI.6.8 p. 106]
and [40; Lemma 2].

5. The proof of (3.10.3) becomes much easier if the hypothesis
“all the λa are injective” is added. The proof of the more general
statement is due to Kinyon [70].

6. Using methods from §6, one can show that in every Bol groupoid
L we have λak = λk

a for all a ∈ L, k ∈ N.

As an important application, we establish a condition for a trans-
versal to be a Bol loop.

(3.12) Let L be a transversal of the coset space G/Ω, and let N
be the core of Ω in G. If aLa ⊆ LN for all a ∈ L, then L is a Bol
loop.
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Proof. Let θ be the natural permutation representation of G on L
(see (2.8)). The kernel of θ is N. For a, b ∈ L there exists n ∈ N
with aban ∈ L. Therefore

λaλbλa = θaθbθa = θaba = θaban = λaban ∈ λ(L).

Thus (3.9) and (3.11) show the result, since L is a left loop.
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We’ll develop isotopy theory, firstly, to give a systematic exposition
of some parts, which seem to be missing in the literature, secondly,
because of its applications to Bol loops. The definition is most
general, but most theorems will be formulated only for loops, or
left loops.

Let L,L′ be groupoids. A triple (α, β, γ) : L → L′ of bijective
maps is called an isotopism if

α(x)β(y) = γ(xy) for all x, y ∈ L.

A principal isotopism is an isotopism with γ = 1, in particular,
L and L′ are defined on the same underlying set. If a (principal)
isotopism L→ L′ exists, then L′ is called a (principal) isotope of
L. In case of L = L′, we speak of autotopisms. Clearly, the set
Top(L) of all autotopisms of L forms a group under componentwise
composition. In fact, it is a subgroup of S3

L, the threefold cartesian
product of the symmetric group on L with itself.

Obviously, every isomorphism α : L → L′ gives an isotopism
(α, α, α). At occasions, we shall identify these two. Conversely,
an isotopism with three equal components defines naturally an iso-
morphism. In this sense, Aut(L) is a subgroup of Top(L).

(4.1) Let L be a left loop and a, b ∈ L such that �b is invertible.
Put x ◦ y := �−1

b (x)λ−1
a (y) for all x, y ∈ L. Then L(a,b) := (L, ◦)

is a left loop with identity ab, and (�−1
b , λ−1

a ,1) : L(a,b) → L is
a principal isotopism. If L is a loop, then so is L(a,b). Moreover,
M�(L(a,b)) = M�(L).

A Proof is needed only for the last statement: The left trans-
lation y �→ u ◦ y, u, y ∈ L, of L(a,b) is given by λ�−1

b
(u)λ

−1
a ,

which is in M�(L). Therefore M�(L(a,b)) ⊆M�(L), by symmetry,
M�(L(a,b)) = M�(L). Note that the inverse of (�−1

b , λ−1
a ,1) is a

principal isotopism L→ L(a,b).

The principal isotopes described in the theorem are, up to isomor-
phism, all principal isotopes of L. In fact, putting y = 1 and then
x = 1 in the defining equations of an isotopism, one easily derives
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(4.2) Let L,L′ be left loops and let (α, β, γ) : L′ → L be an
isotopism. For a := α(1) and b := β(1) we have

(1) �b is invertible, α = �−1
b γ and β = λ−1

a γ. Here λ and �
correspond to the multiplication in L.

(2) (α, β, γ) factors into the principal isotopism (�−1
b , λ−1

a ,1) :
L(a,b) → L and the isomorphism γ : L′ → L(a,b). Indeed (α, β, γ) =
(�−1

b , λ−1
a ,1)(γ, γ, γ).

The second part of this theorem is often expressed by saying that
every isotope of a left loop L is isomorphic to a principal isotope
of L. Therefore many questions about isotopes can be reduced to
questions about principal isotopes. We’ll make use of this soon.

The statement of the last paragraph is true in a much more general
context (cf. [20; III.1 p. 56f]).

The first part of the theorem implies that two components of an
isotopism determine the third. This will occasionally be used by
leaving out a component of an isotopism, e.g., ( . , β, γ) refers to
the unique isotopism (�−1

β(1)γ, β, γ) if we know the existence before-
hand.

For a more precise statement in the case of autotopisms, we intro-
duce the projection to the i-th coordinate

πi : Top(L) → SL; (α1, α2, α3) �→ αi, i ∈ {1, 2, 3}.

These mappings will be used later on. We have

(4.3) Let L be a left loop. The maps

πi × πj :

{
Top(L) → S2

L

(α1, α2, α3) �→ (αi, αj)
for 1 ≤ i < j ≤ 3

are monomorphisms.

Proof. Obviously, πi × πj is a homomorphism. By (4.2.1), the
kernel is trivial.

In case of autotopisms, the symbol ( . , β, γ) can be viewed as a
shorthand for (π2 × π3)−1(β, γ).
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A permutation β : L→ L is called a (left) pseudoautomorphism if
there exists b ∈ L such that

bβ(x) · β(y) = bβ(xy) for all x, y ∈ L.
b is called a companion of β. The set of all pseudoautomorphisms
will be denoted by Ψ(L). The dual notion is called right pseudoau-
tomorphism. We shall first concentrate on pseudoautomorphisms.

(4.4) Let L be a left loop.

(1) For b ∈ L and a permutation β of L the following are equiv-
alent

(I) β ∈ Ψ(L) with companion b;

(II) (λbβ, β, λbβ) ∈ TopL;

(III) βλxβ
−1 = λ−1

b λbβ(x) for all x ∈ L.
(2) If β ∈ Ψ(L), then β(1) = 1.

(3) If (α, β, γ) ∈ TopL, then

β(1) = 1 ⇐⇒ α = γ ⇐⇒ β ∈ Ψ(L).

In this case, a companion of β is α(1) = γ(1).

(4) TΨ(L) :=
{
(α, β, γ) ∈ Top(L); β(1) = 1

}
is a subgroup of

Top(L). The map

π2 TΨ(L) :

{
TΨ(L) → Ψ(L)

(α, β, γ) �→ β

is an epimorphism.

(5) Ψ(L) is a group.

Proof. (1) “(I) ⇐⇒ (II)” is just a rewording of the definitions.

(I) ⇐⇒ (III): For all x, y ∈ L we have

bβ(xy) = bβ(x) · β(y) ⇐⇒ λbβλx(y) = λbβ(x)β(y)

⇐⇒ βλxβ
−1 = λ−1

b λbβ(x) .

(2) In the equation bβ(1) · β(1) = bβ(1), we can first cancel β(1)
on the right by (1) and (4.2.1). Then we cancel b on the left, to
obtain β(1) = 1.
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(3) If β(1) = 1, then α = γ by (4.2.1).

If α = γ, then (α, β, γ) = (λα(1)β, β, λα(1)β) by (4.2.1), again. So
β ∈ Ψ(L) with companion α(1) by (1).

If β ∈ Ψ(L) then β(1) = 1 by (2).

(4) Clearly, TΨ(L) is a group. By (3) π2
(
TΨ(L)

) ⊆ Ψ(L), so π2
is well-defined. Since π2 is the restriction of a projection, it is a
homomorphism, which is surjective by (1) and (2).

(5) follows immediately from (4).

Remarks. 1. Using (1)(III), it’s straightforward to compose a
direct proof of (5).

2. Pseudoautomorphisms can be characterized using the obstruc-
tion map χ from §2.C. Indeed, from (1)(III) one derives β ∈ Ψ(L)
with companion b if and only if χ(x, β) = δ−1

b,β(x) for all x ∈ L. See
[73; Prop. 2.1].

3. (3) is a generalization of [10; Lemma 5.5 p. 84].

4. In the literature frequently right pseudoautomorphisms are
used, e.g., [20], [10], [94]. Our choice fits better into our future
needs. Still right pseudoautomorphisms have their place as we
shall see in a minute.

Indeed, our aim is to present Belousov’s characterization of loops
which are isomorphic to every loop isotope. Such loops have been
called G-loops. To formulate this characterization we need some
facts about right pseudoautomorphisms. We shall not completely
dualize (4.4), but we record

(4.5) Let L be a loop.

(1) A permutation α of L is a right pseudoautomorphism with
companion a ∈ L if and only if (α, �aα, �aα) ∈ Top(L).

(2) If (α, β, γ) ∈ Top(L), then α is a right pseudoautomorphism
if and only if α(1) = 1. In this case β(1) = γ(1) is a companion
of α.

We give a description of isomorphisms between principal isotopes.

(4.6) Let L be a loop, a, b, c, d ∈ L, and let γ be a permutation
of L. Then the following are equivalent
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(I) γ : L(a,b) → L(c,d) is an isomorphism;

(II) (�−1
d γ�b, λ

−1
c γλa, γ) ∈ Top(L) and γ(ab) = cd;

(III) There exists (α, β, γ) ∈ Top(L) with α(a) = c, β(b) =
d, γ(ab) = cd.

Proof. (I) =⇒ (II): By (4.1)

(�−1
d γ�b, λ

−1
c γλa, γ) = (�−1

d , λ−1
c ,1)(γ, γ, γ)(�b, λa,1) ∈ Top(L).

Moreover, since γ is an isomorphism, it maps the identity ab of
L(a,b) to the identity cd of L(c,d).

(II) =⇒ (III): Put (α, β, γ) = (�−1
d γ�b, λ

−1
c γλa, γ).

(III) =⇒ (I): Using (4.1) again, we find that

φ := (�d, λc,1)(α, β, γ)(�−1
b , λ−1

a ,1) : L(a,b) → L(c,d)

is an isotopism. Now every component of this isotopism maps ab,
the identity of L(a,b), to cd, the identity of L(c,d). By (4.2.1), all
components of φ are equal to γ, hence γ is an isomorphism.

We are now ready to give Belousov’s theorem [10; Thm. 3.8,
p. 48]. His proof is also presented in [94; III.6.1, p. 82]. We’ll follow
Drisko’s exposition [29; Cor. 4,5], which adds (IV) below to the
series of equivalent conditions. The major part of the preceding
lemma (4.6) is also his.

(4.7) Theorem. Let L be a loop, and a ∈ L. For the principal
isotopes we have

(1) L is isomorphic to L(a,1) if and only if a is the companion of
a pseudoautomorphism of L.

(2) L is isomorphic to L(1,a) if and only if a is the companion of
a right pseudoautomorphism of L.

(3) The following are equivalent

(I) Every isotope of L is isomorphic to L (i.e., L is a G-loop);

(II) L is isomorphic to the principal isotopes L(a,1) and L(1,a)

for every a ∈ L;

(III) Every element of L is the companion of a pseudoautomor-
phism and of a right pseudoautomorphism;
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(IV) (π1 × π2)
(
Top(L)

)
acts transitively on L× L.

For the Proof note that L = L(1,1). By (4.2.2) it suffices to consider
principal isotopes.

(1) By (4.6) the map γ : L→ L(a,1) is an isomorphism if and only if
(γ, λ−1

a γ, γ) ∈ Top(L), and γ(1) = a. By (4.4.3) this is equivalent
to λ−1

a γ being a pseudoautomorphism of L with companion a.

(2) By (4.6) the map γ : L→ L(1,a) is an isomorphism if and only
if (�−1

a γ, γ, γ) ∈ Top(L), and γ(1) = a. Using (4.5) the proof can
be completed as before.

(3) “(I) =⇒ (III)” and “(III) =⇒ (II)” are direct consequences of
(1) and (2).

(II) =⇒ (IV): Let a, b ∈ L. Because Top(L) is a group, it suffices
to show that there exists

(α, β, γ) ∈ Top(L) with α(1) = a, β(1) = b.

By assumption and (4.6) there exists

(α1, α2, α1) ∈ Top(L) with α1(1) = a, α2(1) = 1.

Put d := α−1
2 (b). Again by (4.6) there exists

(β1, β2, β2) ∈ Top(L) such that β1(1) = 1, β2(1) = d.

Now we have

(α1, α2)(β1, β2)(1, 1) = (α1, α2)(1, d) = (a, b).

(IV) =⇒ (I): For a, b ∈ L, choosing (α, β, γ) ∈ Top(L) with
α(1) = a, β(1) = b, then (4.6) shows that γ : L → L(a,b) is an
isomorphism, since γ(1) = α(1)β(1) = ab.

Remarks. 1. Wilson proves the equivalence of (I) and (II)
in [123].

2. Robinson [101] gives an example of a Bol loop with all loop
isotopes isomorphic. The example is described briefly in §12, Ex-
ample 4.
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In every groupoid L one can define the left, middle, right nucleus
of L , respectively,

N�(L) := {a ∈ L; ∀x, y ∈ L : a · xy = ax · y}
Nm(L) := {a ∈ L; ∀x, y ∈ L : x · ay = xa · y}
Nr(L) := {a ∈ L; ∀x, y ∈ L : x · ya = xy · a}.

These are obviously semigroups with 1 (i.e., they are associative
groupoids). For convenience, we shall drop the arguments if they
are clear from the context, writing briefly N�,Nm,Nr .

If L is a loop, then the nuclei can be embedded into the autotopism
group. These embedded groups are the kernels of the projections
πi from §4. Recall that Top(L) is a subgroup of SL × SL × SL ,
and πi is the restriction to Top(L) of the projection onto the i-th
coordinate.

(5.1) Let L be a left loop, and let TN� be the kernel of
π2 : Top(L) → SL . We have

(1) For a ∈ L , the following are equivalent

(I) a ∈ N� ;

(II) (λa,1, λa) ∈ Top(L);

(III) λaλx = λax for all x ∈ L;

(IV) δa,x = 1 for all x ∈ L .

(2) TN� is a normal subgroup of Top(L) , and the map

τ� : N� → TN�; a �→ (λa,1, λa)

is an isomorphism. In particular, N� is a group.

(3) The map N� →M�; a �→ λa is a monomorphism.

Proof. (1) All statements are rewordings of the definition.

(2) TN� is the kernel of a homomorphism, hence a normal subgroup
of Top(L).

An element of TN� is of the shape (α,1, γ) ∈ Top(L). By (4.2.1),
it follows that α = γ = λa , for a = α(1). Now, (1) implies that
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τ� is a well-defined epimorphism. τ� is injective, because the map
a �→ λa is injective for every left loop.

(3) Indeed, the given map is just π1τ� , which is clearly injective.

Only slightly more involved is

(5.2) Let L be a loop, and let TNm be the kernel of
π3 : Top(L) → SL . We have

(1) For b ∈ L , the following are equivalent

(I) b ∈ Nm ;

(II) (�−1
b , λb,1) ∈ Top(L);

(III) λxλb = λxb for all x ∈ L;

(IV) δx,b = 1 for all x ∈ L;

(V) �y�b = �by for all y ∈ L.
(2) TNm is a normal subgroup of Top(L) , and the map

τm : Nm → TNm; b �→ (�−1
b , λb,1)

is an isomorphism, so Nm is a group.

(3) The map Nm → M�; b �→ λb is a monomorphism, and so is
the map Nm →Mr; b �→ �−1

b .

Proof. (1) Only “(I) ⇐⇒ (II)” requires a line of reasoning:

∀x, y ∈ L : x · by = �−1
b (xb)λb(y) = xb · y

⇐⇒ (�−1
b , λb,1) ∈ Top(L).

Note that xb runs through all of L as x runs through all of L .

(2) An element of TNm has the form (α, β,1) ∈ Top(L). By
(4.2.1)

α = �−1
b , β = λ−1

a , where b = β(1), and a = α(1).

For all y ∈ L we have

y = �−1
b (b)λ−1

a (ay) = b · ay hence λbλa = 1 and β = λb.

Now the argument can be concluded as in (5.1).
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(3) The given maps are just π2τm and π1τm , respectively. Both
are clearly injective.

Directly from the definition we obtain

(5.3) Let L be a left loop, and b ∈ L. Then b ∈ Nr if and only if
δx,y(b) = b for all x, y ∈ L. In particular Nr = Fix

(
D(L)

)
.

Duality gives the theorem analogous to (5.1) for the right nucleus.

(5.4) Let L be a loop, and let TNr be the kernel of
π1 : Top(L) → SL . We have

(1) For b ∈ L , the following are equivalent

(I) b ∈ Nr ;

(II) (1, �b, �b) ∈ Top(L);

(III) �b�x = �xb for all x ∈ L;

(IV) δx,y(b) = b for all x, y ∈ L.
(2) TNr is a normal subgroup of Top(L) , and the map

τr : Nr → TNr; b �→ (1, �−1
b , �−1

b )

is an isomorphism. Thus, Nr is a group.

(3) The map Nr →Mr; b �→ �−1
b is a monomorphism.

We record an obvious consequence from (5.1), (5.2), and (4.3).

(5.5) For every loop L we have TN� ∩ TNm = {1}, hence
TN� × TNm is a normal subgroup of Top(L).

We shall now give a proof for the fact that N� = Nm for left inverse
property loops. This seems to have been proved first by Artzy [4;
Cor. 2]. As a preparation we give a simple lemma, part (2) of which
is due to Kinyon [69].

(5.6) Let L be a left loop with unique inverses, then we have for
all a ∈ Nm, x ∈ L,
(1) (xa)−1 = a−1x−1 and (ax)−1 = x−1a−1.

(2) If L satisfies the automorphic inverse property, then ax = xa.

Proof. (1) Noting that a−1 ∈ Nm by (5.2.2), we have

xa · a−1x−1 = x(a · a−1x−1) = xx−1 = 1.
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Similarly for the second assertion.

(2) By (1) ax = (x−1a−1)−1 = (x−1)−1(a−1)−1 = xa.

We use isotopy theory for the proof of the main result.

(5.7) Theorem. Let L be a left loop with left inverse property,
and let ι : L→ L; x �→ x−1.

(1) If (α, β, γ) is an autotopism of L, then so is (ιαι, γ, β).

(2) N� = Nm.

Proof. (1) For x, y ∈ L we have

γ(y) = γ(x−1 · xy) = α(x−1)β(xy) =⇒ α(x−1)−1γ(y) = β(xy),

hence the result.

(2) Let a ∈ N�, then (λa,1, λa) is an autotopism, by (5.1.1). By (1)
so is (ιλaι, λa,1), which is in TNm. By (4.2.1) �a is invertible and
ιλaι = �−1

a . As in the proof of (5.2.1) one derives a ∈ Nm .

Now let a ∈ Nm , and pick b, c ∈ L. By (5.6.1)

(ba)−1 = a−1b−1.

Since L is a left loop with unique inverses there exists b1 ∈ L such
that a−1b−1

1 = b. Thus, we can compute

a · bc = a · (b1a)−1c = b−1
1

(
b1
(
a · (b1a)−1c

))
= b−1

1

(
b1a · (b1a)−1c

)
= b−1

1 c = (a · a−1b−1
1 )c = ab · c,

So a ∈ N� .

Remarks. 1. If L was a loop, then the proof of Nm ⊆ N� could
be done using isotopy theory, as well. Indeed, one simply applies
(5.2.1) and (1), to conclude the proof as for the inclusion N� ⊆ Nm .

2. Our requirement that every groupoid has an identity, makes
sure that the nuclei are not empty. If we had a quasigroup L to
begin with, then a nucleus (and hence every nucleus) is non-empty
if and only if L is a loop (see [94; I.3.4]).

The center of a groupoid is defined by

Z(L) := {a ∈ N� ∩Nm ∩Nr; ∀x ∈ L : ax = xa}.
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For simplicity, the definition has been kept symmetric. In fact, it
suffices to take elements from the intersection of any two of the
nuclei to define the center. We make this explicit in one case.

(5.8) Let L be a groupoid, then Z(L) = {a ∈ N� ∩ Nm; ∀x ∈ L :
ax = xa} .
Proof. It suffices to show that a ∈ N� ∩ Nm with ax = xa for
all x ∈ L is an element of Nr . Indeed, we can compute for all
x, y ∈ L

xy · a = a · xy = ax · y = xa · y = x · ay = x · ya,
thus a ∈ Nr .

It should be emphasized that instead of N�∩Nm also N�∩Nr and
Nm ∩Nr qualify, with very similar proofs.

(5.9) Let a be an element of a left loop L.

(1) If a ∈ Z(L), then λa centralizes M� .

(2) If λa centralizes D(L), then a ∈ Nr.

(3) If L is A� , then λa centralizes D(L) if and only if a ∈ Nr.

Proof. (1) λaλx = λax = λxa = λxλa for all x ∈ L.
(2) For all x, y ∈ L we have λaδx,y = δx,yλa . Apply this to 1 to
see δx,y(a) = a, hence a ∈ Nr by (5.3).

(3) Let a ∈ Nr . For δ ∈ D(L) using (5.3) we have δ(ax) =
δ(a)δ(x) = aδ(x). Hence δλa = λaδ.

Remarks. 1. Assume λa centralizes M�, then clearly ax = xa
for all x ∈ L. However, it can be shown by example that a is not
necessarily in Z(L). Indeed, there exists a Bol loop L of order 16
with trivial center such that λ(L) ∩ Z(M�) �= {1}. It has been
generated using GAP [39].

2. This phenomenon does not occur in the full multiplication group
M . Then λa (as well as �a ) centralizes M if and only if a ∈ Z(L),
see [1; Thm. 11]. This has the consequence that isotopic loops have
isomorphic centers, [1; Thm. 12].

3. From (1), (2), and (2.3) it is easy to see that L is a commutative
group if and only if M�(L) is a commutative group (see also [68;
Lemma 2]).
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The following applies to Kikkawa left loops, and in particular to
K-loops, as we shall see in (6.7).

(5.10) Theorem. Let L be a left loop with left and automorphic
inverse property, then

(1) Z(L) = N� = Nm ⊆ Nr.

(2) If D(L) acts fixed point free on L, then Z(L) = N� = Nm =
Nr = {1}, or L = Z(L) is an abelian group.

Proof. (1) is direct from (5.7.2), (5.8), and (5.6.2).

(2) follows directly from (5.3) and (1), since either D(L) = {1} or
Fix

(
D(L)

)
= {1} by hypothesis.

Remark. Part (1) of the previous theorem can be derived from the
identity a(ab)−1 = b−1 alone (cf. (3.5)). This is due to Johnson

and Sharma [51; Thm. 6].
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Before we continue the discussion of Bol loops, we give a charac-
terization of left power alternativity. Recall that a groupoid L is
called left power alternative if every element a ∈ L has a unique
inverse and if λk

a = λak , ∀k ∈ Z. According to (3.1.1) L satisfies
the left inverse property and is therefore a left loop. It will turn
out soon that Bol loops are left power alternative.

A. Left Power Alternative Left Loops

The notion of left power alternativity and the basic content of the
following lemma (but with stronger hypothesis) can be found in
[67; Prop. 1.11].

(6.1) Let L be a left loop, and a ∈ L with unique inverse a−1.

(1) The following are equivalent

(I) a is left power alternative;

(II) ∀k, � ∈ Z, x ∈ L : ak · a�x = ak+�x;

(III) ∀k, � ∈ Z : δak,a� = 1;

(IV) ∀k ∈ Z : δa,ak = 1;

(V) ∀k ∈ Z : δak,a = 1, and δak,a−1 = 1.

(2) If the conditions in (1) are satisfied, then a is contained in a
cyclic subgroup of L, a is alternative and satisfies the left inverse
property. Furthermore, it makes sense to write 〈a〉 for the subgroup
generated by a, and 〈a〉 ∼= 〈λa〉 .
(3) If moreover, L is a finite loop, then the order 1 |a| of a divides
|L|, the order of L.

Proof. (1) The following is easy (see also (3.2))

λa−1λa = 1 ⇐⇒ λaλa−1 = 1 ⇐⇒ δa−1,a = 1 ⇐⇒ δa,a−1 = 1.

1 Since a is contained in a subgroup, this notion can be taken from
group theory.

H. Kiechle: LNM 1778, pp. 65–81, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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This characterizes a satisfying the left inverse property.

(I) =⇒ (II): For all x ∈ L, k, � ∈ Z, we have

ak · a�x = λakλa�(x) = λk
aλ

�
a(x) = λk+�

a (x) = λak+�(x) = ak+�x.

(II) =⇒ (III): Let k, � ∈ Z. Then for all x ∈ L we compute
ak · a�x = ak+�x = aka� · x. This implies δak,a� = 1.

“(III) =⇒ (IV)” and “(III) =⇒ (V)” are trivial.

(IV) =⇒ (I): We have to prove that λak = λk
a for all k ∈ Z.

The case k ≥ 0 is done by induction. Using δa,ak = 1, and the
induction hypothesis, we compute

λak+1 = λaak = λaλakδ−1
a,ak = λaλ

k
a = λk+1

a .

Using k = −1, the remark at the beginning of the proof implies
the left inverse property for a. Therefore, the case k < 0 can be
proved similarly using δa−1,a� = δ−1

a,a�−1 = 1, ∀� ∈ Z, from (3.2).

(V) =⇒ (I): Assume k > 0. We first prove by induction on k ∈ N
that aka� = ak+� for all � ∈ N. Notice that the induction base,
k = 1, holds by the definition of powers.

aka� = ak−1a · a� = ak−1 · aδ−1
ak−1,a

(a�) = ak−1 · a�+1 = ak+�.

Now we can do induction on k ∈ N again to obtain

λak+1 = λaka = λakλaδ
−1
ak,a

= λk
aλa = λk+1

a .

Exactly the same line of reasoning can be used to do the case k < 0.
Therefore, a is left power alternative.

(2) Recall that the left inverse property has been taken care of.
The case k = 1 in (IV) shows that a is alternative.

Furthermore, observe that by (II) the map Z→ L; k �→ ak is a ho-
momorphism. Therefore, the set A := {ak; k ∈ Z} is a (necessarily
cyclic) group, which clearly contains a.

The map 〈a〉 → 〈λa〉 ; ak �→ λk
a is an isomorphism.
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(3) We’ll show that the right cosets of 〈a〉 form a partition of L. Let
b, c ∈ L such that 〈a〉 b ∩ 〈a〉 c �= ©� , i.e., there are n,m ∈ Z with
anb = amc. Using (II), we can compute a�b = am−n+�c ∈ 〈a〉 c
for every � ∈ Z. Hence 〈a〉 b ⊆ 〈a〉 c. By symmetry, we must have
〈a〉 b = 〈a〉 c. Since L is a loop, we have | 〈a〉 | = | 〈a〉 b|. This
implies |a| = | 〈a〉 | divides |L|.
As indicated in the footnote to the previous theorem, we can use
the notion of the order of an element in a left power alternative
left loop in a reasonable manner. Likewise, it makes sense to speak
of the exponent of such a loop (see §1.A).

The displayed chain of equations in the proof of “(I) =⇒ (II)” can
be copied word by word to show

(6.2) Let L be a groupoid, a ∈ L, and n ∈ N. Assume that
λaj = λj

a for all j ∈ N, j ≤ n, then for k, � ∈ N, such that
k + � ≤ n we have ak · a�x = ak+�x for all x ∈ L.
This will be convenient for induction proofs later.

(6.3) Let L be a left loop with left inverse property. If δa,ak = 1
for all a ∈ L, k ∈ N, then L is left power alternative.

Proof. Let a ∈ L. In view of (6.1.1)(IV), all we need to show is
that δa,a−k = 1 for all k ∈ N. Using the left inverse property we
can compute

aa−k = (a−1)−1 · a−1(a−1)k−1 = (a−1)k−1

thus by (3.2) δa,a−k =
(
δa−1,(a−1)k−1

)−1 = 1.

Remarks. 1. The hypothesis “L is a loop” in (6.1.3) is necessary.
If L is only a left loop, then (12.3) provides counterexamples. Still,
the right cosets of 〈a〉 form a partition of L, but their sizes may
vary.

2. If in a left loop L every element is contained in a cyclic sub-
group as in (6.1.2), then L is called power associative. This is
an important concept used a lot in loop theory. However, it does
not suit out needs here, because all relevant structures satisfy the
stronger condition of left power alternativity. The main advantage
is that |λa| = |a| for all a ∈ L. Also, (6.1.3) does not in general
follow for power associative loops.
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B. Bol Loops

The existence of certain autotopisms, respectively isotopes, give a
way to characterize Bol loops. We give a streamlined exposition of
results in [100] and [95], supplemented by some identities for left
inner mappings and some well-known trivialities.

(6.4) Theorem. Let L be a loop.

(1) The following are equivalent

(I) L is Bol, i.e., ∀a, b, c ∈ L : a(b · ac) = (a · ba)c ;
(II) λaλ(L)λa ⊆ λ(L) for all a ∈ L;

(III) λaλbλa = λa·ba for all a, b ∈ L;

(IV) δab,b = δa,b for all a, b ∈ L;

(V) δa,ba = δ−1
b,a for all a, b ∈ L;

(VI) δa,ba = δa,b and δa,b = δ−1
b,a for all a, b ∈ L;

(VII) τa := (λa�a, λ
−1
a , λa) ∈ Top(L) for every a ∈ L;

(VIII) Every isotope of L satisfies the left inverse property;

(IX) Every isotope of L is left alternative;

(X) λa�ab = �bλa�a for all a, b ∈ L.
(2) Every isotope of a Bol loop is Bol.

(3) Bol loops are left power alternative.

(4) If L is a finite Bol loop, then the order of an element in L
divides the order of L.

Proof. (1) We follow the scheme:
(VIII) → (VII)
↗ ↘

(X) ↔ (I) (V) ← (VI)
↙ ↖ ↗↓

}
(IX) → (II) ← (III) ← (IV)

For a preliminary remark, assume that L satisfies the left inverse
property. Let a, b, x, y ∈ L and put x ◦ y := �−1

b (x)λ−1
a (y). Then

L(a,b) = (L, ◦) is a principal isotope of L. We’ll first derive a con-
dition for (L, ◦) to satisfy the left inverse property, as well. For
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x′ ∈ L with xb ◦ x′ = ab, we have

x′ = a(x−1 · ab).

Note that ab is the identity element of (L, ◦), so x′ is the inverse
of xb. Hence the left inverse property x′ ◦ (xb ◦ ay) = ay for (L, ◦)
is equivalent to

�−1
b

(
a(x−1 · ab))λ−1

a (xy) = ay = λa(y). (i)

(I) =⇒ (VIII): By (3.10), L satisfies the left inverse property,
and the previous remark applies. Noting that �−1

b

(
a(x−1 · ab)) =

�−1
b

(
(a · x−1a)b

)
= a · x−1a (by Bol), we can compute

�−1
b

(
a(x−1 · ab))λ−1

a (xy) = (a · x−1a)λ−1
a (xy)

= a
(
x−1 · aλ−1

a (xy)
)

= a(x−1 · xy) = ay.

Thus the principal isotope L(a,b) = (L, ◦) satisfies the left inverse
property. Since a, b are arbitrary, the result follows from (4.2.2).

(VIII) =⇒ (VII): By assumption, the preliminary remark applies
here, too, and (i) holds. Choosing b = 1 gives

λa�a(x−1)λ−1
a (xy) = λa(y) = λa(x−1 · xy), for all x, y ∈ L.

hence (λa�a, λ
−1
a , λa) ∈ Top(L).

(VII) =⇒ (V): For a, b, x ∈ L we have

aλb(x) = λa(bx) = λa�a(b)λ−1
a (x) = (a · ba)λ−1

a (x)

= a
(
ba · δ−1

a,baλ
−1
a (x)

)
.

After canceling a from the leftmost and rightmost expression, we
obtain

λb = λbaδ
−1
a,baλ

−1
a , hence δ−1

a,ba = λ−1
ba λbλa = δb,a.
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(V) =⇒ (IV): For a ∈ L let a′ ∈ L be such that a′a = 1, then
δa′,a = δ−1

a,a′a = δ−1
a,1 = 1. By (3.1.1) L satisfies the left inverse

property. Using this and (3.2) we can compute

δa,b = δ−1
a−1,ab = δab,a−1·ab = δab,b for all a, b ∈ L .

(IV) =⇒ (III): For a ∈ L let a′ ∈ L be such that a′a = 1, then
δa′,a = δa′a,a = δ1,a = 1. By (3.1.1) again, L satisfies the left
inverse property. This gives for all a, b ∈ L

δa,ba = δb−1·ba,ba = δb−1,ba,

and using the left inverse property

λ−1
a·baλaλba = λ−1

a λb−1λba = λ−1
a λ−1

b λba.

Canceling λba and rearranging terms shows the result.

“(III) =⇒ (II)” and “(II) =⇒ (I)” are in (3.9), “(VI) =⇒ (V)”
and “(I) ⇐⇒ (X)” are trivial.

This shows the equivalence of (I)–(V), (VII), (VIII). From these
we derive (VI) and the supplementary statements.

(IV),(V) =⇒ (VI): For a, b ∈ L, let c ∈ L with cb = a. Then (IV)
and (V) show

δa,b = δcb,b = δc,b = δ−1
b,cb = δ−1

b,a , the second identity.

The first identity is now obvious.

(2) is a consequence of “(I) ⇐⇒ (VIII)”, and (4) follows directly
from (3) and (6.1.3).

(3) We first prove by induction on k that λk
a = λak for all k ∈ N.

Using (III), (6.2) together with the induction hypothesis, and the
definition of powers in a loop (in that order), we find

λk
a = λaλ

k−2
a λa = λa·ak−2a = λa·ak−1 = λak .

Now the case k ≤ 0 easily follows using the left inverse property
(see (3.10)).
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“(I) =⇒ (IX)” is clear from (2) and (3).

(IX) =⇒ (II): For a′ ∈ L take a ∈ L with aa′ = 1. The fact that
the principal isotope (L, ◦) = L(a,1) is alternative implies for all
x, y ∈ L

x ◦ (x ◦ ay) = (x ◦ x) ◦ ay, thus

xλ−1
a (xy) = xλ−1

a (x) · y = λxλ−1
a (x)(y).

If we put x = 1, then λ−1
a (y) = λa′(y), since a′ := λ−1

a (1). There-
fore λxλa′λx ∈ λ(L) for all x ∈ L.
Remarks. 1. (III) and (X) are the only possibilities to express
the Bol identity using just the multiplication maps. (X) appears
in [103].

2. (IV) was used by Ungar [116, 117], and later called “loop
property” in his axioms for “gyrogroups” (see e.g. [118]). The
equivalence with Bol was proved in [108]. Thus gyrogroups are
Bol loops. (V) appeared in [81; (2.11)]2 . The equivalence of (VI)
and Bol is due to Kinyon [71].

3. “(I) ⇐⇒ (VIII)” seems to have appeared in [95; p. 57]
first.3 Other proofs are in [100; Thm. 3.1] and [10; 10.4.6, p. 191].
“(I) ⇐⇒ (IX)” is also in [100; Thm. 3.1]. Condition (VII) shows
up in [100; Thm. 2.3].

4. A proof of (2), independent of (1), is given in [10; Thm. 6.10,
p. 106]. Robinson [100] uses our approach.

5. Part (4) of the preceding theorem is a special case of La-

grange’s theorem for finite Bol loops. This has been first proved
by Burn [22; Cor. 1], but his proof is valid in every left power
alternative loop. A weaker version occurs in [20; V.1.2, p. 92].

Up to isomorphism, the isotopes of Bol loops can be taken rather
special. See [94; IV.6.16, p. 119] for a proof.

(6.5) Theorem. Let L be a Bol loop, a, b ∈ L and let L(a,b) be
a principal isotope. Then L(a,b) is isomorphic to L(c−1,c), where
c = ab ·b. Therefore, every isotope of L is isomorphic to a principal
isotope L(c−1,c) for suitable c ∈ L.
2 In view of (3.11), this is only formally more general than our (V).
3 The first edition of Pickert’s book was published in 1955.
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C. K-Loops

A Bol loop which satisfies the automorphic inverse property is
called a K-loop or Bruck loop. The next theorem is extremely
important for the axiomatics of K-loops.

(6.6) Theorem. Let L be a Bol loop and a, b ∈ L.
(1) δa,b ∈ Ψ(L) is a pseudoautomorphism with companion
ab · a−1b−1.

(2) (ab)−1 = a−1b−1 =⇒ δa,b ∈ AutL.

(3) If L satisfies the automorphic inverse property, i.e., if L is a
K-loop, then L is an A� -loop.

Proof. (1) Let τa = (λa�a, λ
−1
a , λa). By (6.4.1)(VII),

τabτ
−1
a τ−1

b = ( . , δa,b, λabλ
−1
a λ−1

b )

is an autotopism. Since δa,b(1) = 1, we get from (4.4.3) that
δa,b ∈ Ψ(L), with companion λabλa−1λb−1(1) = ab · a−1b−1. The
third component of the above autotopism has been rewritten, using
the left inverse property.

(2) and (3) are direct consequences of (1).

Remarks. 1. Part (3) of this theorem has been proved in three
papers recently. Funk and Nagy in [34; 5.1] use a geometric
argument in the corresponding net. Kreuzer [80] gives a direct
proof, avoiding the use of pseudoautomorphisms. We have adopted
the more general [41; 3.12] by Goodaire and Robinson, which is
our (1). This in turn generalizes [20; VII Lemma 2.2, p. 113] for
Moufang loops.

2. There exist (even finite) Bol loops L such that δa,b is not
an automorphism for some a, b ∈ L. Indeed, every simple non-
associative Moufang loop L has this property, because there exist
a, b ∈ L with u := aba−1b−1 �= 1. Thus u �∈ N�(L) = {1} and
using (4.4.1) one derives that δa,b is a proper pseudoautomorphism.
Paige [92] has constructed an infinite class of finite simple non-
associative Moufang loops.

We now give the theorem of Kreuzer [80; 3.4], which shows that
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the formerly used definition of a K-loop (Kikkawa loop with δa,b =
δa,ba )4 is equivalent with ours.

(6.7) Theorem. Let L be a groupoid. Then L is a K-loop if and
only if L is a Kikkawa loop, and δa,b = δa,ba for all a, b ∈ L.
Proof. Notice, both K-loops and Kikkawa loops are automorphic
inverse by definition.

Let L be a K-loop. By (3.10.3) and (6.6.3) L is a Kikkawa loop.
(6.4.1)(VI) completes this direction.

For the converse, the hypothesis and (3.7.3) imply (6.4.1)(VI), so
L is Bol.

The implication “(I) =⇒ (III)” of the following is [40; Lemma 1].
Glauberman [40] attributes the converse to Robinson.

(6.8) Let L be a Bol loop.

(1) The following are equivalent

(I) L is a K-loop;

(II) λ2
ab = λaλ

2
bλa for all a, b ∈ L;

(III) (ab)2 = a · b2a for all a, b ∈ L.
(2) If L is a K-loop, then the map κ : x �→ x2 is injective if and
only if L contains no elements of order 2.

Proof. (1) In view of (3.10.3) and (6.6), (3.7.1) and (3.6.3) show
that (I) and (II) are equivalent.

(II) =⇒ (III): Applying both sides to 1 and using the fact that
Bol loops are left alternative gives the claimed identity.

(III) =⇒ (II): We use (6.4.1)(III) and (6.4.3) to compute

λ2
ab = λ(ab)2 = λa·b2a = λaλb2λa = λaλ

2
bλa.

(2) is a direct consequence of (3.8) and (III).

If the squaring map behaves well, we get a much stronger result.

(6.9) Theorem. Let L be a groupoid with right inverses.

4 This definition is directly derived from simple properties of neardo-
mains, see [121; V §1].
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(1) For the following conditions, we have
(I) =⇒ (II) =⇒ (III) =⇒ (IV).

(I) L is a K-loop;

(II) L is a left alternative Kikkawa loop;

(III) L is left alternative, satisfies the left inverse property, the
automorphic inverse property, and A� ;

(IV) ∀a, b ∈ L : λ2
ab = λaλb2λa.

(2) If the map L → L; x �→ x2 is surjective, then the preceding
conditions are equivalent.

Proof. (1) “(I) =⇒ (II)” is direct from (6.4.3) and (6.7), “(II) =⇒
(III)” is trivial.

(III) =⇒ (IV): By (3.1), L is a left loop, hence (3.7.3) is applicable,
and yields together with the left alternative property

λ2
ab = λaλ

2
bλa = λaλb2λa .

(2) (IV) =⇒ (I): Putting a = 1, we obtain λ2
b = λb2 for all b ∈ L,

i.e., L is left alternative. Let now a, b ∈ L. By assumption there
exists d ∈ L with d2 = b. So we can compute

λaλbλa = λaλd2λa = λ2
ad = λ(ad)2 ∈ λ(L).

In view of (3.9) and (3.10), we conclude that L is a Bol loop
and satisfies the left inverse property. Since L is left alternative,
λ2

ab = λaλb2λa = λaλ
2
bλa . Now we can invoke (3.6.3) or (6.8.1) to

conclude that L satisfies the automorphic inverse property.

Remarks. 1. This theorem and its proof have been compiled
from [88; XII.3.29, 3.34, 3.35]. The topological hypotheses used
there imply 2-divisibility. This is all that’s really needed for (2).

2. (IV) is equivalent to either of the following

∀a, b ∈ L : λ(ab)2 = λaλb2λa or ∀a, b ∈ L : λ(ab)2 = λaλ
2
bλa .

Indeed, putting b = 1, or a = 1, respectively, it is seen that both
conditions imply that L is left alternative. Then the claimed equiv-
alence is obvious.
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3. The identity λ2
ab = λaλ

2
bλa for all a, b ∈ L from (6.8.1) is true

in every Kikkawa loop (see (3.7.3)). By the example in (12.9.3)
Kikkawa loops need not be left alternative. Therefore this identity
is not equivalent to the identities of the previous remark. See also
[73; Thm. 4.1].

4. Kreuzer [79; (3.5)] shows by examples that the implication
“(II) =⇒ (I)” is not true in general. Indeed, in (12.9.5) we present
his construction of a left power alternative Kikkawa loop, which is
not a Bol loop.

5. If L is a Lie loop, then the hypothesis in (II) that L be left
alternative is redundant, see [67; Lemma 6.2]. Notice that from
(3.7.3) one easily gets that δ2a,a = 1 for all a ∈ L. If L is connected,
then it can also be seen that the square map is surjective. Hence
Kikkawa’s connected, symmetric Lie loops are in fact K-loops (see
also [88; XII.3.34]).

A left power alternative left loop L will be called (uniquely) n-
divisible, n ∈ N, if for every a ∈ L there exists (exactly one)
b ∈ L with bn = a. Notice that by (6.1.2) a, b are contained in
an abelian (in fact cyclic) subgroup of L, so this notion coincides
with the standard definition [33; §20]. In particular, we can write
b = a

1
n if L is uniquely n -divisible. In this case it also makes sense

to write a
k
n for every k ∈ Z. Abusing language, we shall say that

“a
k
n is well-defined”. Finally, note that a loop is n -divisible if and

only if the map x �→ xn is surjective, it is uniquely n -divisible if
and only if the map x �→ xn is bijective.

(6.10) Let L be a left power alternative A� -left-loop such that for
a fixed rational number q the map L→ L; x �→ xq is well-defined.
Then a(a−1b)q = b(b−1a)1−q for all a, b ∈ L.
Proof. Using (3.1.1) and (6.1.1), we can compute

b−1 · a(a−1b)q = b−1a · δb−1,a(a−1b)q = b−1a · (b−1a)−q

= (b−1a)1−q.

Multiplying with b on both sides gives the result.

Remark. The proof only uses that the maps x �→ xq and δb−1,a

commute. A � is not really needed.
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(6.11) Theorem. Let L be a uniquely 2-divisible left power al-
ternative A� -left-loop, and let ε be an involutory, fixed point free
automorphism of L. Then ε(x) = x−1 for all x ∈ L, and L is a
K-loop.

Proof. By (6.10) we find

ε
(
x
(
x−1ε(x)

) 1
2
)

= ε(x)
(
ε(x)−1x

) 1
2 = x

(
x−1ε(x)

)1− 1
2

= x
(
x−1ε(x)

) 1
2 .

Therefore the assumption implies x
(
x−1ε(x)

) 1
2 = 1. Using the left

inverse property we get x−1ε(x) = x−2, and then ε(x) = x−1.
This shows that L has the automorphic inverse property. Since
2-divisible simply means that the square map x �→ x2 is surjective,
we can conclude from (6.9) that L is a K-loop.

Remark. The theorem and its proof, including the preceding
lemma, are due to Kist [74; (1.2.e), (1.4.b)]. We have only modi-
fied the context to obtain the presented generalization.

To conclude this subsection, we present without proof Robinson’s
results on the isotopes of K-loops [100].

(6.12) Theorem. Let L be a K-loop and c ∈ L. The isotope
L(c−1,c) is a K-loop if and only if c ∈ Nr .

Proof. [100; Thm. 3.2].

As a corollary using (6.5) and the fact that loop isotopes of groups
are groups, we get

(6.13) Theorem. Let L be a K-loop. The following are equivalent

(I) Every isotope of L is a K-loop;

(II) Every isotope of L is isomorphic to L, i.e., L is a G-loop;

(III) L is an abelian group.
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D. Half Embedding

In [40] Glauberman studied finite K-loops L of odd order. By
(6.4.4), L contains no elements of even order. From (6.8.2) we
infer that L is uniquely 2-divisible. The converse is also true, i.e.,
a finite uniquely 2-divisible K-loop is of odd order. This can be
derived easily from [40; Cor. 1, p. 394]. Actually, Glauberman

states his results for, what he calls, B-loops, i.e., K-loops such that
every element has finite odd order. He remarks that some of these
results “might also remain valid” for the more general uniquely
2-divisible K-loops.

The basic idea for the following construction is already in [20; VII,
Thm. 5.2, p. 121]. It has been modified in [40; Lemma 3] with the
hypotheses mentioned above. Our slightly more general approach
seems to be used in [66; Thm. 5] first.

(6.14) Theorem. Let G be a group with a subset L containing 1,
i.e., 1 ∈ L ⊆ G. Assume that L−1 ⊆ L, aLa ⊆ L for all a ∈ L,
and assume that the map κ : L → L; x �→ x2 is well-defined and
bijective. For a, b ∈ L write a

1
2 = κ−1(a), and let

a ◦ b := a
1
2 ba

1
2 ,

then

(1) (L, ◦) is a uniquely 2-divisible K-loop with identity 1. More-
over, integer powers of elements in L formed in G and in (L, ◦)
coincide.

(2) L is commutative if and only if [a, b] = [a−1, b−1] for all a, b ∈
L.

(3) L is a commutative group if and only if
[
[a, b], c

]
= 1 for all

a, b, c ∈ L.
Proof. (1) The assumptions imply directly that L is a groupoid
with identity 1. Let a, b, c ∈ L. Clearly, (a−1)

1
2 = (a

1
2 )−1, there-

fore we can write a− 1
2 unambiguously. From a−1 ◦ (a ◦ b) =

a− 1
2 a

1
2 ba

1
2 a− 1

2 = b, we find that L satisfies the left inverse prop-
erty, hence L is a left loop by (3.1.1). Moreover, a−1 is also the
inverse of a with respect to “◦”.
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We have (aa
1
2 a−1)2 = a, hence aa

1
2 a−1 = a

1
2 , and aa

1
2 = a

1
2 a. By

a simple induction one can deduce that integer powers of a formed
in G or L are the same. They will therefore not be distinguished
in our notation.

By assumption there exists u ∈ L with u = a
1
2 b

1
2 a

1
2 , so we can

compute

a ◦ (b ◦ (a ◦ c)) = a
1
2 b

1
2 a

1
2 ca

1
2 b

1
2 a

1
2 = ucu = u2 ◦ c.

Substituting c = 1 yields u2 = a ◦ (b ◦ a), hence L is Bol, and by
(3.11) L is actually a Bol loop.

The calculation a−1 ◦ b−1 = a− 1
2 b−1a− 1

2 =
(
a

1
2 ba

1
2
)−1 = (a ◦ b)−1

gives the automorphic inverse property, and L is a K-loop.

Finally, unique 2-divisibility comes directly from the hypotheses,
since powers are the same in L and G.

(2) For a, b ∈ L we have

a2 ◦ b2 = b2 ◦ a2 ⇐⇒ ab2a = ba2b ⇐⇒ a−1b−1ab = aba−1b−1

⇐⇒ [a, b] = [a−1, b−1].

(3) For a, b, c ∈ L we have

a2 ◦ (b2 ◦ c) = b2 ◦ (a2 ◦ c) ⇐⇒ abcba = bacab

⇐⇒ [a, b]c = c[a−1, b−1].
(ii)

If L is a commutative group, then the left most equation of (ii)
is true for all a, b, c ∈ L. Thus with (2) we conclude [a, b]c =
c[a−1, b−1] = c[a, b].

For the converse,
[
[a, b], c

]
= 1 for all a, b, c ∈ L together with

(1.1) implies that [a, b] is in the center of 〈L〉 . Therefore

[a−1, b−1] = aba−1b−1 = aba−1b−1abb−1a−1 = ab[a, b]b−1a−1

= [a, b].

Hence (ii) together with unique 2-divisibility shows a ◦ (b ◦ c) =
b◦(a◦c) for all a, b, c ∈ L. Therefore, λaλb = λbλa for all a, b ∈ L,
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and M�(L) is a commutative group. By (1) and (6.6.3) L is A� ,
hence (5.9.3) implies that L = Nr(L) is a group.

A K-loop L is called half embedded into the group G if there exists
an injection η : L → G such that η(L) satisfies the conditions in
the preceding theorem, i.e.,

1 ∈ η(L), η(L)−1 ⊆ η(L), aη(L)a ⊆ η(L) for all a ∈ η(L),

the map κ : η(L) → η(L); x �→ x2 is well-defined and bijective,
and such that η : L → (

η(L), ◦) is an isomorphism of the loops.
The map η is called a half embedding .

Glauberman [40] and Kreuzer [77] use the stronger requirement
that L be a subset of G. Our approach seems to be more flexible,
while it captures the essentials.

Notice that a K-loop which is half embedded into a group is nec-
essarily uniquely 2-divisible by (6.14). In fact, unique 2-divisibility
is also sufficient.

(6.15) Theorem. Let L be a uniquely 2-divisible K-loop, and let
T ⊆ AutL be a transassociant of L. Then the map

η : L→ L×Q T ; a �→ (a2,1)

is a half embedding. In particular, L is half embedded into M� .

Proof. Recall the definition of the multiplication in L ×Q T from
(2.15). As a consequence we get from (6.4.3) and (6.1.1) (a,1)k =
(ak,1) for all a ∈ L and k ∈ Z. In particular, (L× 1)−1 ⊆ L× 1.

By unique 2-divisibility we can conclude that

η(L) = L× 1 and κ : L× 1→ L× 1; x �→ x2 is bijective.

Let a, b ∈ L. Using (2.13.1) and (6.4.1) (IV) we can compute

(a,1)(b,1)(a,1) = (a,1)(ba, δb,a) = (a · ba, δa,baδb,a)
= (a · ba,1) ∈ L× 1.

Therefore the hypotheses of (6.14) are true for L×1, and (L×1, ◦)
becomes a K-loop, where

(a2,1)◦ (b2,1) = (a,1)(b2,1)(a,1) = (a · b2a,1) for all a, b ∈ L.
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It remains to show that η is a homomorphism. From (6.8.1) we
obtain

η(ab) =
(
(ab)2,1

)
= (a · b2a,1) = η(a) ◦ η(b).

By (6.6.3) T = D(L) qualifies. Thus (2.14) shows the final state-
ment.

Remarks. 1. By (6.4.1), (6.4.3) and unique 2-divisibility λ(L) ⊆
M� satisfies the hypothesis of (6.14). This can be made into a
direct proof for the last statement in the theorem.

2. Glauberman constructs a half embedding of L into a group
isomorphic to M� in [40; Thm. 2]. Kreuzer in [77] constructs a
half embedding right into M� . In fact, Kreuzer’s approach is a
little more general, since he manages to get along with requiring
the map κ to be only injective. Of course, this makes it necessary
to modify the construction of the loop inside M� . With notation
from (6.14), he defines a•b := (ab2a)

1
2 , which gives a loop (λ(L), •).

If L is uniquely 2-divisible, the isomorphism

L×Q D →M�; (a, α) �→ λaα

from (2.14) induces a K-loop
(
λ(L), ◦), isomorphic to L× 1. The

map
(
λ(L), •)→ (

λ(L), ◦); λa �→ λ2
a is an isomorphism.

3. The construction in (6.14) can be done for G a Moufang loop
with identical proofs, because Moufang loops are di-associative by
Moufang’s Theorem (see the appendix). One of the first classes
of examples for K-loops was constructed this way, see [20; VII,
Thm. 5.2, p. 121] and the following remark.

4. Let G be a uniquely 2-divisible group, and do the construction
of (6.14) to L := G. This gives a big class of examples. Bruck [20;
Ex. 1, p. 124] remarks that the Burnside groups of prime exponent
p > 3 qualify for this construction, and give (in our words) non-
commutative K-loops. In particular, they are not Moufang loops.
On the other hand, Bruck even gives a Moufang loop G, which
leads to a commutative group this way, [20; Ex. 3, p. 128].
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5. The case L = G has another interpretation: The map

φ : G→ AutG; a �→ â− 1
2

is a derivation, and a ◦ b = aφa(b). Derivations are introduced
in §12.

6. (6.14.3) has been proved in [20; VII, Lemma 5.6, p. 127] for the
case L = G, and in [40; Cor., p. 386] for Glauberman’s “B-loops”.



7. Frobenius Groups with Many Involutions

Before we get into Frobenius groups, we give a construction for
left loops using certain sets of involutions in transitive permuta-
tion groups. This construction occurs in [55; §6] in a completely
different context. It is used to coordinatize absolute spaces with
K-loops. This approach has been further generalized by Gabrieli,
Karzel in [36, 37, 38], and by Im, Ko in [50].

A. Reflection Structures

The following theorem and its proof are due to Karzel [55].

Let G be a group acting on a set P with J := {α ∈ G;α2 = 1}.
For the fixed element 1 ∈ P, denote the stabilizer by Ω.

(7.1) Theorem. For a map µ : P → J ; x �→ µx with µx(1) = x
for all x ∈ P define

λ :

{
P → G;
x �→ λx := µxµ1

.

We have

(1) L := λ(P ) is a transversal of G/Ω . The left loop L has unique
inverses, and is isomorphic via λ to the natural left loop structure
on P. Indeed, the λx are the left translations of P. Moreover,
µ1(x) = x−1 for all x ∈ P, where x−1 denotes the inverse of x
in P.

(2) L is a loop if and only if the set µ(P ) acts regularly on P.

(3) The following are equivalent

(I) µ1µ(P )µ1 ⊆ µ(P ) ;

(II) µ1µxµ1 = µx−1 for all x ∈ P ;

(III) L has the automorphic inverse property;

(IV) L has the left inverse property.

(4) L is a K-loop if and only if µxµ(P )µx ⊆ µ(P ) for all x ∈ P.

H. Kiechle: LNM 1778, pp. 83–102, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Proof. (1) The first statement is just a special case of (2.10.3).

By (2.10.4) λ is an isomorphism. We’ll make use of this isomor-
phism by proving the assertions for P rather than for L.

Let x′ be the right inverse of x ∈ P. Then

xx′ = µxµ1(x′) = 1, hence x′ = µ1µx(1) = µ1(x),

and

x′x = µµ1(x)µ1(x) = 1, since µµ1(x) is an involution.

Thus x′ is also the left inverse of x, and µ1(x) = x′ = x−1.

(2) If L is a loop, then by (2.11.2) L acts regularly on P, hence
so does µ(P ). The converse is in (2.11.1).

(3) The last statement of (1) will be used without reference. A
direct calculation shows

µ1λxµ1 = λ−1
x for all x ∈ P .

(I) =⇒ (II): For y ∈ P such that µ1µxµ1 = µy we can compute

x−1 = µ1(x) = µ1µxµ1(1) = µy(1) = y.

(II) =⇒ (III): For x, y ∈ P, we have

(xy)−1 = µ1(xy) = µ1µxµ1(y) = µx−1µ1µ1(y) = x−1y−1.

(III) =⇒ (IV): By (2.4), the hypothesis in (III) just means
µ1λxµ1 = λµ1(x) = λx−1 . Therefore λx−1 = λ−1

x , and (3.1.1) shows
the result.

(IV) =⇒ (I): For x ∈ P, (3.1.1) shows λx = λ−1
x−1 . Hence we have

µ1µxµ1 = µ1λx = µ1λ
−1
x−1 = µ1µ1µx−1 ∈ µ(P ).

(4) If P is a K-loop, then for all x, y ∈ P we have λxλyλx =
λx·yx, by (6.4). Using (1) and the automorphic inverse property,
we compute

µxµyµx = λxµ1λyµ1λxµ1 = λxλy−1λxµ1

= λx·y−1xµ1 = µx·y−1xµ1µ1 ∈ µ(P ).
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For the converse let x, y ∈ P. We have

λxλyλx = µxµ1µyµ1µxµ1 ∈ µxµ(P )µxµ1 = µ(P )µ1 = λ(P ).

Therefore (6.4) shows that P is a Bol loop. Since (I) is valid, we
conclude from (3) that P is a K-loop.

Remarks. 1. Karzel calls the triple (P, µ(P ); 1) with axioms
as the general hypothesis of the theorem a reflection structure.

2. The special case of reflection structures considered in (4) of
the preceding theorem has been considered by Kikkawa, using a
different language. Kinyon [72] has shown the equivalence.

B. Frobenius Groups

A transitive permutation group (G,P ) with |P | ≥ 2 is called a
Frobenius group if G does not act regularly, and only the identity
of G fixes more than one point, i.e., if Ω is the stabilizer of an
arbitrary point e ∈ P, then Ω �= {1} acts fixed point free on
P \ {e} . By abuse of language we will call G a Frobenius group if
such a permutation representation exists.

Let K be a group with a non-trivial group Φ ⊆ AutK acting fixed
point free on K. If the map

1− ω : K → K; g �→ gω
(
g−1) is bijective for all ω ∈ Φ \ {1} ,

then (K,Φ) is called a Ferrero pair . The semidirect product of
K with Φ will turn out to be a Frobenius group. Notice that the
action of Φ on K is fixed point free. The notion of a fibration is
introduced in §8.

(7.2) Theorem. Let G be a group. Consider the following con-
ditions:

(I) G contains a normal subgroup K and a subgroup Ω �= {1}
such that {gΩg−1; g ∈ K} ∪ {K} is a fibration of G, with
Ω ∩ gΩg−1 = {1} for all g ∈ K#;

(II) G = KΩ with subgroups K, Ω such that (K, Ω̂) is a Fer-
rero pair;
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(III) G = KΩ contains subgroups K and Ω �= {1} such that Ω̂
acts fixed point free on K;

(IV) G has a subgroup Ω �= {1} such that Ω∩gΩg−1 = {1} for
all g ∈ G \ Ω;

(V) G is a Frobenius group.

We have

(1) (I) ⇐⇒ (II) =⇒ (III) =⇒ (IV) ⇐⇒ (V) .

(2) If G is finite, then the above conditions are all equivalent.

Proof. (1) (I) =⇒ (II): Let ω ∈ Ω#. Since K is normal in G, the
map

1− ω̂ : K → K; g �→ gω̂(g−1) = gωg−1ω−1

is well-defined. For g, g′ ∈ K assume (1 − ω̂)(g) = (1 − ω̂)(g′),
then

gωg−1 = g′ωg′−1 ∈ gΩg−1 ∩ g′Ωg′−1 �= {1},
therefore g = g′, and 1− ω̂ is injective.

For g ∈ K, there exists h ∈ K,ψ ∈ Ω such that gω = hψh−1,
since gω �∈ K. Now,

gωψ−1 = (1− ψ̂)(h) ∈ K =⇒ ω = ψ, thus g = (1− ω̂)(h),

and 1− ω̂ is surjective.

For x ∈ G \ K there exist g ∈ K, ω ∈ Ω with x = gωg−1 =
(1− ω̂)(g)ω ∈ KΩ, therefore G = KΩ.

(II) =⇒ (I): Clearly, K is normal.

Let g ∈ K#, and assume for h ∈ K, ω ∈ Ω:

h = gωg−1 ∈ K ∩ gΩg−1.

Then hω−1 = (1− ω̂)(g) ∈ K, and ω ∈ K. Since (1− ω̂)(ω) = 1,
the hypothesis implies ω = 1, and h = 1. Thus K ∩ gΩg−1 = {1}.
Now assume for ψ, ω ∈ Ω

ψ = gωg−1 ∈ Ω ∩ gΩg−1,
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then ψω−1 = (1− ω̂)(g) ∈ K∩Ω = {1}, and ψ = ω = 1. Therefore
Ω ∩ gΩg−1 = {1}.
Every element of G is of the form gω, with g ∈ K and ω ∈ Ω.
If ω = 1, then g ∈ K. If ω �= 1, there exists h ∈ K such that
g = (1 − ω̂)(h). Then gω = (1 − ω̂)(h)ω = hωh−1 ∈ hΩh−1.
Therefore, {gΩg−1; g ∈ K} ∪ {K} is a fibration of G.

(II) =⇒ (III): The requirement that Ω acts fixed point free on K
is equivalent with the injectivity of 1− ω̂ : K → K.

(III) =⇒ (IV): Clearly, K ∩ Ω = {1}. Let g ∈ G \ Ω, and assume
there are ω, ω′ ∈ Ω such that ω = gω′g−1 ∈ Ω ∩ gΩg−1. Choose
h ∈ K,ψ ∈ Ω such that g = hψ. Plugging in for g, we obtain

ω = hψω′ψ−1h−1, hence

ω(ψω′ψ−1)−1 = (1− ̂ψω′ψ−1)(h) ∈ K ∩ Ω = {1}.
Thus ω = ψω′ψ−1, and ω = hωh−1, so h = ω−1hω is a fixed
point of the action of ω−1 on K. This implies ω = 1, since h �= 1.
Therefore Ω ∩ gΩg−1 = {1}.
(IV) =⇒ (V): The natural action of G on the left cosets of Ω in
G is transitive, and not regular, because Ω �= {1}, see (1.3).

For g, x, y ∈ G assume

xΩ �= yΩ, gxΩ = xΩ, gyΩ = yΩ,

then

x−1gxΩ = Ω and (x−1gx)(x−1y)Ω = (x−1y)Ω.

Thus the problem is reduced to the case x = 1. Now g ∈ Ω and
y−1gy ∈ Ω implies g ∈ Ω ∩ yΩy−1 = {1}. Therefore only 1 has
more than one fixed point, and G is a Frobenius group.

(V) =⇒ (IV): Let Ω be the stabilizer of a point e, say. Since G
does not act regularly, Ω �= {1}. For g ∈ G \Ω, we have g(e) �= e,
therefore Ω �= gΩg−1. Since gΩg−1 is the stabilizer of g(e), by
(1.3.3) we must have Ω ∩ gΩg−1 = {1}.
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(2) is proved in many books on group theory, e.g., [5; (35.24),
p. 191].

Remarks. 1. Neither of the implications “ =⇒ ” can be reversed
in general. Let F be a nearfield, Ω a subgroup in F ∗, and let
G be the semidirect product of F with Ω, then G satisfies (III).
If F is “planar”, then (I) is true, if not, and if Ω = F ∗, then (I)
does not hold. Examples of both planar and non-planar nearfields
can be found in [121; I.9]. Examples with (IV), but not (III) are
constructed in §§9,11.

2. The equivalence of (II) and (III) for finite groups is easy to
see. The point of Frobenius’s theorem is the existence of the
normal subgroup K, which has Ω as a complement. K is called
the Frobenius kernel of G, and Ω the Frobenius complement . The
group G is then the semidirect product of K and Ω.

3. When G is finite, then the Frobenius representation is unique
up to equivalence, see [93; 17.5, p. 186]. This also follows easily
from the uniqueness of the Frobenius kernel [42; 9.2.8, p. 179].

4. Ferrero pairs have been introduced by Betsch and Clay and
studied by Clay (see [26]). They arose from the study of planar
nearrings.

If the Frobenius group (G,P ) has no kernel, and is therefore not
a semidirect product, we still have a substitute: transversals, and
the quasidirect product.

(7.3) Let (G,P ) be a Frobenius group. For a fixed e ∈ P the
stabilizer Ω of e is corefree. Thus for every transversal L of the
coset space G/Ω, the quasidirect product L×Q Ω is well-defined,
and the permutation groups (G,P ) and (L×QΩ, L) are equivalent.

Proof. Ω is corefree by (IV) of (7.2). Therefore (2.16) shows that
L×Q Ω is well-defined.

By (2.9) the permutation groups (G,P ) and (G,L) are equivalent.
By (2.16) (G,L) and (L×Q Ω, L) are equivalent.

A transassociant T �= {1} of a left loop L will be called fixed point
free if it acts fixed point free on L#. Recall that by definition,
transassociants fix 1. Notice that the requirement T �= {1} is only
necessary, when L is a group (see (2.3)).
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(7.4) Let L be a left loop, and let T be a fixed point free transas-
sociant of L. Then (L×Q T,L) is a Frobenius group.

Proof. By (2.13.2) L×QT acts transitively on L. From (2.13.3) we
know that 1×T is the stabilizer of 1. Since this group is non-trivial,
the action is not regular.

Take an element (a, α) ∈ L×QT which has two fixed points. Since
the action is transitive, using (1.3.3) it is seen that there is no loss
in generality, to assume that one of the fixed points is 1. Then
a = 1 and α(x) = x for some x ∈ L \ {1}. By hypothesis, α = 1,
and the only element with more than one fixed point is (1,1), the
identity.

Remarks. 1. This is a straightforward generalization of the con-
struction [81; (7.2)] for loops. It also generalizes (III) =⇒ (IV)
in (7.2).

2. If L is a loop, then clearly all elements of L×1 act fixed point
free on L. This need not be the case, when L is only a left loop.
Indeed, if one applies the construction of (12.3) to G := Z3, then
L := Gφ is a left loop such that D(L) = {±1} is a fixed point
free transassociant. Thus L×Q D is a Frobenius group. It is easy
to see that the elements of L × 1 \ {(0,1)} = {(1,1), (2,1)} are
involutions, which necessarily have fixed points. In fact, L ×Q D
is isomorphic to S3. Of course, S3 does have a kernel, namely〈
(1, 2, 3)

〉
, so in a sense we only chose the transversal in a silly

way.

3. There are examples where one cannot make a better choice.
Specifically, according to [27] (see also [16; p. 205]), there exists a
Frobenius group G with G =

⋃
g∈G gΩg

−1 (Ω a one point stabi-
lizer). Therefore G contains no fixed point free elements. Here no
transversal of G/Ω can be a loop.

C. Involutions

Our aim is to establish a new class of Frobenius groups, which
generalizes the notion of a sharply 2-transitive group in a reasonable
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way. We also present the connection with other approaches, in
particular with [35]. First a simple lemma.

(7.5) Let (G,P ) be a Frobenius group such that the set J := {g ∈
G; g2 = 1} acts transitively on P. Then for all x, y ∈ P with x �= y
there exists a unique element α ∈ J with α(x) = y.

Proof. The existence of α is an assumption. If β ∈ J also has the
property β(x) = y, then

αβ(x) = α(y) = x and αβ(y) = y, hence αβ = 1,

since G is a Frobenius group. Therefore α = β is unique.

A Frobenius group (G,P ) is said to have many involutions if J :=
{g ∈ G; g2 = 1} acts transitively on P, and if the one point
stabilizers contain at most one involution. Note that since all one
point stabilizers are conjugate, they all contain the same number
of involutions.

(7.6) Theorem. Let (G,P ) be a Frobenius group with many
involutions. For a fixed e ∈ P let Ω be the stabilizer of e.

(1) There exists a unique map µ : P → J with µx(e) = x for all
x ∈ P such that µ(P ) = J \ {1} or µ(P ) = J. The two cases are
mutually exclusive.

(2) µ(P ) acts regularly on P.

(3) L := µ(P )µe is a transversal of the coset space G/Ω, which is
a K-loop.

(4) G = L ×Q Ω. What’s more, the permutation groups (G,P )
and (L×Q Ω, L) are equivalent.

(5) µ(P ) = J \{1} if and only if every involution in G has exactly
one fixed point. In this case we have CG(µe) = Ω, and L contains
no elements of order 2.

(6) If µ(P ) = J, then L = J is of exponent two, and every invo-
lution is fixed point free.

Proof. (1) Let x ∈ P. If x �= e, there exists µx ∈ J with µx(e) = x,
which is unique by (7.5). If e = x, then we consider two cases:
Firstly, assume that there is no involution in Ω, i.e., no involution
has a fixed point, then µe = 1, and µ(P ) = J. Secondly, assume
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that there exists a (unique!) involution α ∈ Ω, then put µe := α.
Through this choice, the map µ has the desired properties. Note
that there is no other way to do it — µ is unique.

(2) We have seen that Ω contains the involution µe if µ(P ) �= J.
This involution has the fixed point e. Then µxµeµx has fixed point
x ∈ P. Thus for every x, y ∈ P there exists α ∈ µ(P ) with α(x) =
y, even if x = y and 1 �∈ µ(P ).

The uniqueness of α comes from (7.5).

(3) is a direct consequence of (1), (2) and (7.1), since µ(P ) is
obviously invariant.

(4) From (7.2) we find
⋂

g∈G gΩg
−1 = {1}. Thus the result follows

from (2.16) and (2.9).

(5) The first statement is clear from the proof of (1). It follows
immediately from (7.2), (IV), that CG(µe) ⊆ Ω. For ω ∈ Ω the
element ωµeω

−1 is an involution with fixed point e. Therefore
ωµeω

−1 = µe, and ω ∈ CG(µe).

(6) is clear from the previously proved statements, and from the
fact that in left power alternative loops, we have |a| = |λa| for
every element a in that loop.

In the case where L is of exponent 2 (see (6) in the preceding
theorem), the Frobenius group G (with many involutions) is said
to have characteristic 2, in symbols charG = 2. Otherwise, we
write charG �= 2. The latter is the situation where involutions
have fixed points.

D. Sharply 2-transitive groups

Recall, a permutation group (G,P ) is called sharply 2-transitive if
for all a1, a2, b1, b2 ∈ P with a1 �= a2, b1 �= b2 there exists exactly
one σ ∈ G with σ(aj) = bj . To avoid one trivial case, we always
assume |P | ≥ 2. Notice that G is a Frobenius group.

(7.7) Let (G,P ) be a sharply 2-transitive group. For fixed e ∈ P
let Ω be the stabilizer of e. Then

(1) G is a Frobenius group with many involutions.
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(2) Ω̂ acts faithfully as an automorphism group on the correspond-
ing K-loop L (constructed in (7.6)). Moreover, this action is reg-
ular on L#.

Proof. (1) Clearly, G is a Frobenius group. For distinct x, y ∈ P
there exists exactly one α ∈ G with α(x) = y, α(y) = x. Clearly,
α ∈ J, so J is transitive (see also [121; V.2, (i), p. 229]). By [121;
V.2, (i), (ii), pp. 229] either no involution has a fixed point, or all of
them have exactly one fixed point. If they have fixed points, then
for every x ∈ P there is exactly one involution with fixed point x.
Thus G has many involutions.

(2) We’ll use notation from (7.6.1). Choose ω ∈ Ω, then
ωJ#ω−1 ⊆ J# and so

ωµeω
−1 = µe , because ωµeω

−1(e) = e.

Therefore, ωLω−1 ⊆ L. Now (2.8.6) shows that Ω̂ acts as an au-
tomorphism group on L.

Since ωµxω
−1 = µω(x) for all x ∈ P \ {e} , and Ω is regular on

P \ {e} , the action of Ω̂ on L# is regular, as well.

A structure (F,+, · ) with two binary operations “+, · ” is called a
neardomain if (F,+) is a loop with unique inverses,1 and (F ∗, · )
is a group, such that for all a, b, c ∈ F
0 ·a = 0, a ·(b+c) = a ·b+a ·c, and ∃da,b ∈ F ∗ : δa,b(c) = da,b ·c.
A nearfield is a neardomain with associative addition, or equiva-
lently, da,b = 1 for all a, b ∈ F.
We put

T2(F ) :=

{
τa,b :

{
F → F

x �→ a+ bx
; a ∈ F, b ∈ F ∗

}
.

(7.8) If F is a neardomain, then T2(F ) is a group acting sharply
2-transitive on F.

1 0 denotes the identity element of any additively written loop F, and
M∗ := M \ {0} for every subset M of F.
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The Proof is left as an exercise, see also [121; (V.1.2), p. 217].

We shall now prove the converse, i.e., every sharply 2-transitive
group arises from a neardomain in this way. We’ll actually prove a
bit more.

(7.9) Theorem. Let (L,+) be an (additively written) loop with
unique inverses and a subgroup of the automorphism group A act-
ing regularly on L \ {0}. Moreover, we assume that D(L) ⊆ A (so
A is a transassociant). Choose 1 ∈ L \ {0} and let νa ∈ A be the
unique element with νa(1) = a. For a, b ∈ L we put

a · b :=
{
νa(b) if a �= 0
0 if a = 0

.

Then (L,+, · ) is a neardomain, and the map

T2(L) → L×Q A; τa,b �→ (a, νb), (a, b ∈ L, b �= 0)

induces an equivalence of the permutation groups (T2(L), L) and
(L×Q A,L).

Proof. Clearly, (L∗, · ) is a group, isomorphic to A. The distribu-
tive law comes from the fact that the νa are automorphisms of L.
Let a, b ∈ L, then δa,b ∈ A, and there exists c ∈ L with δa,b = νc.
Put da,b := c. If b �= 0, then

τa,b(x) = a+ bx = a+ νb(x) = (a, νb)(x) for all x ∈ L,

hence (T2(L), L) and (L×Q A,L) are equivalent.

A neardomain F clearly satisfies the hypothesis of the preceding
theorem, since F ∗ acts regularly on F \ {0}.
(7.10) Theorem. (1) Every sharply 2-transitive group G gives
rise to a neardomain F such that T2(F ) = G. Moreover, charG =
2 ⇐⇒ charF = 2, i.e., 1 + 1 = 0 in F.

(2) Let F be a neardomain, then the neardomain constructed as
in (1) from T2(F ) is isomorphic to F.

(3) The additive loop of a neardomain is a K-loop.

Proof. (1) follows from (7.7) and (7.9), (2) is a consequence of [121;
(V.1.5), p. 218], and (3) comes from (2) and (7.6.3).
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Since, by (6.4.3), K-loops are left power alternative, every element
in a neardomain F generates a cyclic subgroup of (F,+). By left
distributivity we conclude that the map

η : Z→ F ; k �→ 1·k :=
{ 1 + 1 + . . .+ 1 if k ≥ 0
−1− 1− . . .− 1 if k < 0

( |k| times)

is a ring homomorphism. Let nZ, n ≥ 0, be the kernel. Since F
has no zero-divisors, n is a prime or n = 0. Thus we can call n
the characteristic of F, in symbols charF := n (cf. [121; p. 224]).
In case charF = 0 the map η can be extended to Q, the field of
fractions of Z, in the well-known way. Thus in any case F contains
a prime field isomorphic to Zp or Q if charF = p or charF = 0,
respectively.

If P is the prime field of F, then for all q, q′ ∈ P, a ∈ F we have
a(q + q′) = aq + aq′. This implies (see also [59])

(7.11) Let F be a neardomain with charF = p, then the order
of every non-zero element in (F,+) is p or infinity if p = 0. In
particular, if p �= 2, then (F,+) is uniquely 2-divisible.

Remarks. 1. It seems to be still open, whether neardomains with
non-associative addition exist. The theorem shows a potential path
for a construction starting from K-loops.

2. Zassenhaus [124] (see also Karzel [53]) showed that all finite
neardomains are nearfields. Tits [113, 114] showed that locally
compact, connected neardomains are nearfields, and Kerby and
Wefelscheid [59] showed that neardomains of characteristic 3
are nearfields. For more results of a similar kind cf. [121; V.1.B].

3. For the study of sharply 3-transitive groups special neardo-
mains, called KT-fields, have been introduced by Kerby and We-

felscheid [60]. Kerby [58] showed that every KT-field F with
charF ≡ 1 mod 3 is a nearfield.

E. Characteristic 2

For Frobenius groups with many involutions of characteristic 2 we
obtain a satisfactory converse to (7.6). At the same time, we get a
considerable strengthening of theorem (3.4) for loops of exponent 2.
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(7.12) Theorem. Let L be a loop of exponent 2, and let T be
a fixed point free transassociant. Then T contains no involutions,
G := L ×Q T is a Frobenius group with many involutions and
charG = 2. Moreover, L is a K-loop, and T ⊆ AutL.

Proof. G is a Frobenius group by (7.4), and the set L × 1 acts
transitively. By (3.4) L satisfies the left inverse property. Thus for
all a ∈ L

δa,a = 1 and so (a,1)(a,1) = (a2, δa,a) = (1,1).

Therefore, L× 1 consists of involutions and the identity.

We identify T and 1×T according to (2.13). Assume, there exists
an involution α ∈ T. Then for x ∈ L \ {1} we have α(x) = y �= x.
Take a ∈ L with ax = y. Then g := (a,1) ∈ G is an involution,
and g(x) = y. By (7.5) we arrive at the contradiction g = α.
Therefore T contains no involutions. This also implies that G is a
Frobenius group with many involutions, and charG = 2.

By (7.6.3) L × 1 is a K-loop, which is isomorphic to L (2.13.4).
For a ∈ L, γ ∈ T we have

(1, γ)(a,1)(1, γ)−1 =
(
γ(a), χ(a, γ)

) ∈ L× 1,

since the conjugate of an involution is an involution. Therefore,
χ(a, γ) = 1 for all a ∈ L, and γ is an automorphism by (2.12.3).
Hence T ⊆ AutL.

It would be desirable to relax the definition of “Frobenius group
with many involutions” to the sole requirement that the set J acts
transitively. This is possible in some special cases.

(7.13) Let (G,P ) be a Frobenius group such that the set
J := {g ∈ G; g2 = 1} acts transitively on P. Take Ω to be the
stabilizer of a fixed e ∈ P.
(1) If there exists a subset F of J, 1 ∈ F, which acts fixed point free
and transitive, then G is a Frobenius group with many involutions
and charG = 2. Furthermore, F = J, and F is a transversal of
the coset space G/Ω, which is a K-loop.

(2) If G = KΩ with a Ferrero pair (K,Ω), then G is a Frobenius
group with many involutions. Furthermore, K is an abelian group.
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Proof. (1) From (7.5) and the assumption we conclude that F acts
regular. Therefore F is a loop transversal of G/Ω by (2.11.1).
Moreover, Ω is a fixed point free transassociant of F, since Ω is
corefree, and G is Frobenius. By (3.4) F satisfies the left inverse
property. Therefore, F is of exponent 2. Now (7.12) applies, and
gives all the assertions, because G = L×Q Ω by (2.16).

(2) For a first case, assume Ω contains no involutions. Then⋃
g∈G gΩg

−1 ∩J = {1}. In view of (7.2)(I) we have J ⊆ K. There-
fore (1) applies and gives the first statement.

To see that K is an abelian group observe that J acts transitively,
and K acts regularly on K. This forces J = K, and K is of
exponent 2, hence abelian by (1.2).

If ε ∈ Ω ∩ J#, then we have for all g ∈ K

ε̂([g, ε]) = εgεg−1εε = εgεg−1 = [g, ε]−1.

By hypothesis every element in K is of the form [g, ε] for some g ∈
K. Hence ε̂(g) = g−1 for all g ∈ K. Since ε̂ is an automorphism of
K, K must be abelian. ε was arbitrary, and we saw it must satisfy
ε̂(g) = g−1 for all g ∈ K. Since the map ε �→ ε̂ is injective, there
is exactly one involution in Ω. Hence G has many involutions.

The theorem covers, in particular, all finite Frobenius groups (see
[93; 18.1, p. 193]). No decisive results have been achieved in cases
not mentioned in the theorem. So we do not know if there exist
Frobenius groups with “too many” involutions, i.e., such that the
set J acts transitively, and a one point stabilizer contains more
than one involution.

F. Characteristic not 2 and Specific Groups

We now turn to the case of characteristic �= 2. Here we get only a
partial converse of (7.6).

(7.14) Theorem. Let L be a uniquely 2-divisible K-loop, and let
Ω be a fixed point free subgroup of AutL which contains D(L)
and an involution ι. Then L×Q Ω is a Frobenius group with many



F. Characteristic not 2 and Specific Groups 97

involutions of characteristic �= 2. Moreover, for all a, x ∈ L we have
ι(x) = x−1, (a, ι) is an involution, and λa(x) = (a, ι)(1, ι)(x).

Proof. By (2.12.3) Ω is a transassociant. Therefore, (7.4) shows
that L×Q Ω is a Frobenius group. From (6.11) it follows that ι is
the map x �→ x−1. Thus Ω contains exactly one involution.

A simple calculation shows that (a, ι) is an involution in
L ×Q Ω. Therefore, the involutions act transitively. More spe-
cific: Let x, y ∈ L and choose a ∈ L such that ax−1 = y. Then
(a, ι)(x) = y.

Finally, (a, ι)(1, ι)(x) = a(x−1)−1 = ax = λa(x).

The following lemma shows that the presence of an involution in
Ω is not a strong assumption. Indeed, it can always be achieved.

(7.15) Let L be a K-loop, and let Ω be a subgroup of AutL with
ι �∈ Ω. Then 〈

Ω ∪ {ι}〉 = Ω× 〈ι〉 .
If L is uniquely 2-divisible, and Ω acts fixed point free, then so
does Ω× 〈ι〉 .
Proof. Since ι centralizes every automorphism, the first statement
is clear.

Now, assume that L is uniquely 2-divisible, and Ω acts fixed point
free. Every element of Ω×〈ι〉 is of the form ω or ωι for some ω ∈ Ω.
If this element is not the identity, and has a fixed point x ∈ L\{1},
then it must be of the form ωι, because of the hypothesis. Now
x = ωι(x) = ω(x−1) implies ω2(x) = x, because ω(x−1) = ω(x)−1.
Therefore ω2 = 1. By (6.11) we necessarily have ω = 1, since
ω = ι contradicts our assumption. However, x = ι(x) = x−1 is a
contradiction, too, because a uniquely 2-divisible loop cannot have
elements of order 2.

Remarks. 1. If L is a uniquely 2-divisible K-loop, then Ω (as
in (7.14)) cannot contain more than one involution by (6.11). If Ω
happens to have no involution, then L×Q Ω can be embedded into
the Frobenius group L×Q

(
Ω× 〈ι〉).

2. In (11.3.2) we give examples of K-loops with ι �∈ D(L). All of
these are uniquely 2-divisible. Therefore, the hypothesis about ι
in (7.14) is not redundant.
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3. The converse in theorem (7.14) is only partial, because we
need the assumption that L be uniquely 2-divisible. (7.6.5) to-
gether with (6.8.2) only implies that the map x �→ x2 is injective.
Surjectivity is missing. There are in fact counterexamples arising
from (9.3.5), since there exist pythagorean fields, which are not
euclidean (see also (1.7)).

(7.16) Let G be a group with set of involutions J#, and let Ω be
a subgroup of G. The following are equivalent

(I) (G,G/Ω) is a Frobenius group with many involutions, and
charG �= 2 ;

(II) Ω = CG(µ) for some µ ∈ J#, and for all α, β ∈ J#, α �= β,
there exists γ ∈ J# with γαγ = β, and CG(α) ∩ CG(β) =
{1}.

If (II) holds, then γ is uniquely determined given α and β.

Proof. (I) =⇒ (II): From (7.6.5) we have that Ω = CG(µ) for some
µ ∈ J#.

By assumption, α and β each have exactly one fixed point, denote
them by x, y, respectively, i.e., αx = x, βy = y. Since the involu-
tions act transitively, there exists γ ∈ J# with γx = y. Now, γαγ
is an involution with fixed point y. Since there is only one such
involution, we must have γαγ = β.

Finally, there exist g, h ∈ G with gµg−1 = α, hµh−1 = β, there-
fore, using (IV) from (7.2), we find

CG(α) ∩ CG(β) = CG(gµg−1) ∩ CG(hµh−1)

= gΩg−1 ∩ hΩh−1 = {1}.

Indeed, the case h−1g ∈ Ω leads to α = β, which is excluded by
hypothesis.

(II) =⇒ (I): All the conjugates of Ω are centralizers of involutions,
thus (IV) of (7.2) is satisfied, and (G,G/Ω) is a Frobenius group.

To see that J# acts transitively, take X,Y ∈ G/Ω. The stabilizer
of Ω ∈ G/Ω is Ω itself, and contains the involution µ. Hence
every one point stabilizer contains an involution, because they are
conjugate to Ω. In particular, there exists an involution α with
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fixed point X. Also, there exists an element g ∈ G with gX = Y.
Now gαg−1 is an involution, therefore there exists γ ∈ J# with
γ(gαg−1)γ = α. Hence γgα = αγg, and γg ∈ CG(α), the stabilizer
of X. This implies γ ∈ g CG(α), and so γX = Y. Thus J# acts
transitively.

The assumption clearly implies that there is at most one involu-
tion in CG(α). Thus the Frobenius group G has many involutions.
Clearly, charG �= 2.

For the last statement, let γαγ = β. If α = β, then γαγα = 1.
Hence γ and α commute, i.e., γ ∈ CG(α), therefore γ = α. This
shows uniqueness in the case of equality.

If α �= β, let γ′ ∈ J# also have the property γ′αγ′ = β. Then

γαγ = γ′αγ′ =⇒ γ′γα = αγ′γ and, similarly γ′γβ = βγ′γ.

Therefore, γ′γ ∈ CG(α) ∩ CG(β) = {1}, and γ = γ′ is unique.

The proof of the preceding theorem has been inspired by [35], in
particular § 3.2, p. 20f. Besides its intrinsic interest, this theorem
will serve to establish the connection with Gabriel’s thesis.

In [35], Gabriel has introduced specific groups in order to axiom-
atize the subgroup of a sharply 2-transitive group generated by the
set of involutions. We give a generalized notion, which includes the
whole sharply 2-transitive group, and more. A group G is called
specific if the set J# of involutions in G has at least 2 elements,
i.e., |J#| ≥ 2, and there exists p ∈ N ∪ {∞} such that for all
α, β ∈ J# with α �= β, there is a γ ∈ J# with

|αβ| = p, γαγ = β and CG(α) ∩ CG(β) = {1}.
Notice that G cannot be abelian, since two distinct involutions do
not commute. As mentioned earlier, our definition slightly deviates
from Gabriel’s. In fact, in [35; p. 6] it is required that G is non-
abelian, and that J# generates G. It is then derived that there
are at least 2 involutions. This is used to show that p is either an
odd prime, or ∞, [35; 2.4, p. 6]. Therefore, this statement holds
in our more general situation. Call

charG :=
{

0 if p = ∞
p otherwise
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the characteristic of G. For completeness, we give a proof for

(7.17) The characteristic of a specific group is 0 or an odd prime.

Proof. Let p be finite, and assume p = mn, with n < p. Then
(αβ)p =

((
(αβ)mα

)
α
)n

, and (αβ)mα is the conjugate of an in-
volution, hence it is an involution. Since n < p we must have
(αβ)mα = α. Therefore m = p and n = 1. Thus p is a prime.

Moreover, p �= 2, since otherwise, αβ = βα, contradicting our
assumption.

We now hook up the notion of a specific group to the main subject
of this section.

(7.18) Theorem. Let G be a specific group of characteristic p. If
µ is an involution, then

(
G,G/ CG(µ)

)
is a Frobenius group with

many involutions, and charG �= 2. Moreover, the K-loop L coming
with G is of exponent p, or in case p = 0, every element in L#

has infinite order.

Proof. Let J# be the set of involutions. By (7.16) G is a Frobenius
group with many involutions. For a ∈ L we have λa = αβ with
α, β ∈ J# from (7.6.3). Therefore |λa| = p, or |λa| = ∞, according
to the cases in the hypothesis. But |λa| is the order of a in L,
because L is left power alternative, see (6.4.3) and (6.1).

This theorem has the following converse

(7.19) Theorem. Let L be a K-loop, and let Ω be a fixed point
free subgroup of AutL which contains D(L) and ι. Put G :=
L×Q Ω.

(1) If L is of exponent p, where p is an odd prime, then G is a
specific group with charG = p.

(2) If every element in L# has infinite order, then G is a specific
group with charG = 0.

(3) In both cases (1) and (2), Ω = CG(ι).

Proof. The assumptions about the orders of elements in L im-
ply that L is uniquely 2-divisible. Thus by (7.14) (G,G/Ω) is a
Frobenius group with many involutions. From (7.6.5) we infer that
Ω = CG(ι). Now (7.16) gives all the conditions for specific groups
except for the statement about |αβ|. So let α, β be involutions in
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G. There exists an involution γ ∈ G with β = γιγ. Now

αβ = γ(γαγ)ιγ =⇒ |αβ| = |(γαγ)ι| =
{
p in case (1)
∞ in case (2)

by (7.14) and the hypothesis. This shows the remaining condition.

As a corollary we get

(7.20) Let F be a neardomain of characteristic p �= 2, and let K
be the subgroup of T2(F ) generated by the involutions in T2(F ).
For G a subgroup of T2(F ) containing K, i.e., K ⊆ G ⊆ T2(F ),
we have

(1) G is a specific group of characteristic p.

(2) G = F ×Q Ω, where Ω is the stabilizer of 1 inside G. The
map τ0, · : F ∗ → T2(F ); b �→ τ0,b is a monomorphism with Ω in its
image. Moreover, Ω′ := τ−1

0, · (Ω) is a subgroup of F ∗ with −1 ∈ Ω′

and da,b ∈ Ω′ for all a, b ∈ F.
Proof. (2) All the maps τa,1 are in G, because they are products of
two involutions by (7.9), (7.11), and (7.14). Therefore (G,F ) is a
Frobenius group with many involutions, since T2(F ) is (see (7.7)).
Now (7.6.4) shows the first result.

By definition, τ0, · is a monomorphism, and τ0, ·(F ∗) is the stabi-
lizer of 1 inside T2(F ). Therefore the statements about Ω follow
easily.

(1) By (7.11) (F,+) is uniquely 2-divisible and of exponent p or
every element has infinite order, according to p �= 0 or p = 0,
respectively. Thus (2) and (7.19) give the result.

Remarks. 1. In (7.19), the involutions generate G if and only
if Ω = 〈D ∪{ι}〉 , the minimal possible choice for Ω satisfying the
hypothesis if Ω acts fixed point free.

2. The fact that specific groups are Frobenius groups has been
observed by Gabriel in [35; 4.2, p. 27]. He has used the phrase
“generalized Frobenius group” to denote what we call a Frobenius
group.

3. With our definition every intermediate group between K and
T2(F ) is a specific group. In Gabriel’s setting only K qualifies,
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see [35; 2.4, p. 20] and remark 1. This shows the extent to which
Gabriel’s notion has been generalized.

4. The proof of (7.19) shows that the definition of “specific group”
can be relaxed to |αβ| = p for fixed β.

5. (7.20.2) has a converse: If Ω is a subgroup of the multiplicative
group of a neardomain F, with −1, da,b ∈ Ω for all a, b ∈ F, then
G := F×Qτ0, ·(Ω) is a specific group sitting between K and T2(F ),
and charG = charF .

6. Examples of specific groups of characteristic 0 abound, see
(11.3.2) and (9.3.3). This seems different in characteristic p > 2.
The only examples known to the author arise from infinite Burnside
groups as described in [35; 5.18, p. 50].

7. There are also plenty of Frobenius groups with many involutions
in characteristic 2, see (11.3.1).



8. Loops with Fibrations

Let L be a loop. A set F of non-trivial subloops of L is called a
fibration if

|F| ≥ 2, L =
⋃

F∈F
F, and ∀F1, F2 ∈ F : F1 ∩ F2 = {1}.

The pair (L,F) will be called a loop with fibration, or a fibered
loop. Let T be a subset of SL, then F is called T -invariant if for
all α ∈ T, F ∈ F , we have α(F ) ∈ F .
Obviously, D -invariant fibrations can be characterized by the pre-
cession maps:

(8.1) Let (L,F) be a fibered loop. F is D -invariant if and only
if for all a, b ∈ L, F ∈ F : δa,b(F ) ∈ F .
With a fibered loop (L,F) one can associate an incidence structure
by putting

L(F) := {aF ; a ∈ L,F ∈ F}.
A loop L together with a set of lines L will be called an incidence
loop if (L,L) is an incidence space, and if λ(L) is contained in the
automorphism group of (L,L), i.e., M� ⊆ Aut(L,L).

Zizioli has studied fibered loops and their geometries. She ob-
tained [125; (8),(9)]:

(8.2) Let L be a loop with fibration F . Then
(
L,L(F)

)
is an

incidence loop if and only if F is D -invariant.

Remark. Zizioli introduced the notion of a fibered incidence loop,
i.e., an incidence loop such that the lines stem from a fibration.
This notion is equivalent with our D -invariant fibration.

If (L,F) is a fibered loop, define a relation ‖ on L := L(F) by

A ‖ B, A,B ∈ L ⇐⇒ ∃a, b ∈ L, D ∈ F with A = aD, B = bD.

(8.3) Theorem. Let L be a loop with a D -invariant fibration F .
(1) For F ∈ F the following are equivalent

(I) δa,x(F ) = F for all a ∈ L, x ∈ F ;

H. Kiechle: LNM 1778, pp. 103–106, 2002.
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(II) aF ∩ bF �= ©� =⇒ aF = bF for all a, b ∈ L;

(III) a ∈ bF =⇒ aF = bF for all a, b ∈ L.
(2) If the conditions in (1) hold for all F ∈ F , then for E ∈
F , a, b ∈ L with aE ⊆ bF we have E = F and aF = bF. This
implies that every A ∈ L(F) has a unique F ∈ F with A = aF,
for appropriate a ∈ L.
(3) The conditions in (1) are satisfied for all F ∈ F if and only if
(L,L(F), ‖) is an incidence space with parallelism.

Proof. (1) (I) =⇒ (II): Let c ∈ aF ∩ bF. Then there exists x ∈ F
such that ax = c. Now cF = ax · F = a · xδ−1

a,x(F ) = a · xF = aF,
and similarly cF = bF.

(II) =⇒ (III): Since a ∈ bF, we have aF ∩ bF �= ©� , hence aF =
bF.

(III) =⇒ (I): For a ∈ L, x ∈ F we have ax ∈ aF. Thus

ax · F = aF = a · xF and δa,x(F ) = F.

(2) Since a ∈ aE, we have aF = bF. Thus aE ⊆ aF and canceling
a gives E ⊆ F. But F is a fibration, therefore E = F.

(3) see [125; (10)].

If the left multiplications in P are automorphisms of (P,L, ‖),
Zizioli gets a rather strong result [125; (11)]. Part (2) is implicit
in the proof of [125; (13)], but will be proved here for completeness.

(8.4) Theorem. Let (P,L(F), ‖) be an incidence space with par-
allelism, then

λ(P ) ⊆ Aut(P,L(F), ‖) ⇐⇒ ∀a, b ∈ P, F ∈ F : δa,b(F ) = F.

In this case we have

(1) M� consists of dilatations.

(2) If P is a proper loop, the group of dilatations, as well as M�

act on P as Frobenius groups.

(3) If P is finite, then P is a group.

Proof of (2). Clearly, M� acts transitively. If P is a proper loop,
then λ(P ) �= M�, and M� does not act regularly, neither does the
group of dilatations. Now (1.4) together with (1) shows the result.
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(3) This is [125; (13)]. It can be proved using Frobenius’s theo-
rem (7.2.2).

We’ll now describe some examples. Specific instances with expo-
nent 2 of the next theorem are in (11.3.1).

(8.5) Let L be a left power alternative loop of prime exponent,
which is not a cyclic group. Then F := {〈a〉 ; a ∈ L#} is an
AutL-invariant fibration of L. In particular, if L is an A� -loop,
then F is D -invariant.

Proof. |F| ≥ 2, since L is not a cyclic group. Clearly, L =⋃
F∈F F. Assume there exists a ∈ L, a �= 1, and F1, F2 ∈ F with

a ∈ F1 ∩ F2. Now, 〈a〉 , F1 and F2 are cyclic groups of the same
finite (prime) order. Hence F1 = 〈a〉 = F2.

For every α ∈ AutL, a ∈ L, we have α
(〈a〉) =

〈
α(a)

〉
, therefore

F is AutL-invariant. The last statement is now obvious.

More involved is the following construction, which is due to Kolb

and Kreuzer [75]. Let L be a loop. Define a relation

a ∼ b if δa,b = 1, and put [a] := {x ∈ L; a ∼ x}.

We have

(8.6) Theorem. Let L be a Kikkawa loop. Then the relation ∼
as above is symmetric.

(1) ∼ is reflexive if and only if L is left alternative.

(2) ∼ is transitive if and only if for all a, x, y ∈ L#

δa,x = δa,y = 1 =⇒ δx,y = 1.

In this case L is left power alternative, hence ∼ is an equivalence
relation. The corresponding classes [a] are commutative subgroups
of L. Moreover, if L is not a group, then F :=

{
[a]; a ∈ L} is a

AutL-invariant (and therefore D -invariant) fibration of L.

Proof. Symmetry comes from (3.7.3), (1) is clear.

(2) The first statement is obvious, given the symmetry of ∼ .

Take a ∈ L#. By the left inverse property we have δa−1,a = 1, thus
δa,a = 1, and L is left alternative. Therefore ∼ is an equivalence
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relation with a−1 ∈ [a]. For b, c ∈ [a], b �= 1, (3.7.2) shows

1 = δb,c = δb−1,bc , hence bc ∈ [b−1] = [a].

By construction the multiplication restricted to [a] is associative,
hence [a] is a subgroup of L. The automorphic inverse property
makes it commutative.

If L is not associative, then there exist a, b ∈ L with δa,b �= 1 by
(2.3). Hence [a] �= [b] and F is a fibration. Finally, (2.4.2) shows
that ∼ is AutL-invariant, i.e., for all α ∈ AutL, a, b ∈ L, a �= 1,
we have

a ∼ b =⇒ α(a) ∼ α(b). Hence α
(
[a]
)

=
[
α(a)

]
.

This shows that F is AutL-invariant.

Since ak ∈ [a] for all a ∈ L#, k ∈ Z we have δa,ak = 1. By (6.1.1)
L is left power alternative.

Remarks. 1. If ∼ is an equivalence relation, and N�(L) �=
{1}, then L is a group. This follows directly from the displayed
proposition in the theorem and (5.1.1).

2. Of course, K-loops satisfy all the hypotheses of the theorem,
except possibly the displayed condition which makes sure that ∼
is transitive. In view of (6.9.2) our loops are pretty close to K-
loops. It seems open whether the conditions might imply that L
is a K-loop already. The counterexamples to theorem (6.9) given
in (12.3.5) are not suitable, because it is easy to see that for every
η -derivation ker η is contained in N� , hence N� �= {1}. See also
[62; (2.12), p. 36] or [63; (1.3)].

(8.7) Let L be a Kikkawa loop with fixed point free D . Assume
that [a] is a subgroup of L for all a ∈ L#. Then ∼ is an equivalence
relation.

Proof. Take x, y ∈ L with δa,x = δa,y = 1. Then x, y, xy ∈ [a], so
δa,xy = 1 as well. By (3.7.3) we have

xa = δa,x(xa) = ax, ya = ay and xy · a = a · xy.
Using δx,a = 1, we can compute

xy · a = a · xy = ax · y = xa · y = x · ay = x · ya = xy · δx,y(a).

This implies δx,y(a) = a. The assumptions enforce δx,y = 1, and
(8.6.2) shows the result.



9. K-Loops from Classical Groups over Ordered
Fields

In this section we present a class of examples which are derived
from the classical groups over an ordered field R and the extension
R(i). It gives a unified way to construct many examples in the
literature. A major part of this has been published in [64].

A. The Construction

Let n ≥ 2 be a fixed integer, assume R is an n -real field, and set
K := R(i). Let G be a subgroup of GL(n,K). We’ll use notation
introduced in §1. Explicitly, we recall

LG := G ∩H(n,K), ΩG := G ∩U(n,K).

If G = LGΩG , then from (1.15) and (1.11) we know that LG is a
transversal, hence a left loop by (2.7). Recall that the multiplica-
tion “◦” is given as follows

∀A,B ∈ LG : ∃1A ◦B ∈ LG, ∃1dA,B ∈ ΩG : AB = (A ◦B)dA,B .

This is just the polar decomposition of AB. Also recall that

κ : H(n,K) → H(n,K); X �→ X2

was the squaring map. By (1.14) κ is injective. So it makes sense
to write κ−1(X) when X is a square in H(n,K).

(9.1) Theorem. Let R be n -real, and let G be a subgroup of
GL(n,K) with G = LGΩG , then

(1) (LG, ◦) is a K-loop such that inverses of elements in LG formed
in (LG, ◦) and in G coincide.

(2) For all ω ∈ ΩG we have ωLGω
−1 = LG , and δA,B = d̂A,B for

all A,B ∈ LG .

(3) The natural permutation representation of G on G/ΩG induces
a monomorphism ΩG/ CΩG

(LG) → AutLG . The image contains
D(LG).

H. Kiechle: LNM 1778, pp. 107–136, 2002.
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(4) A◦B = κ−1(AB2A) , therefore det dA,B = 1 for all A,B ∈ LG .
Moreover, integer powers of A ∈ LG formed in (LG, ◦) and in G
coincide.

(5) For all α ∈ AutG with α(LG) ⊆ LG we have α(dA,B) =
dα(A),α(B) .

Proof. (1) We have already seen that LG is a transversal. From
(1.11) and the fact that A∗ = A we find ALGA = LG for all
A ∈ LG . Thus (3.12) shows that LG is a Bol loop.

Now again (1.11) implies L−1
G ⊆ LG . From (3.3.1) we get the

statement about the inverses. Moreover, we can use (3.3.2) to
show the automorphic inverse property. Indeed, for A,B ∈ LG we
compute

ABd−1
A,B = (ABd−1

A,B)∗ = (d−1
A,B)∗B∗A∗ = dA,BBA,

which is exactly what we need.

(2) The first assertion is direct from (1.11), since ω∗ = ω−1, the
second comes from (2.8.3) and (2.8.6).

(3) is direct from (2.8.6).

(4) Using the displayed identity from the proof of (1) and the def-
inition, we find

(A ◦B)2 = ABd−1
A,BdA,BBA = AB2A.

Therefore, (1.14) gives the first statement. Now, detA ◦ B =
detAB, since both are positive. Thus det dA,B = 1.

The last statement is an easy consequence of the first, and of (1).

(5) We have dA,B =
(
κ−1(AB2A)

)−1
AB, by (4) and the definition.

This implies the assertion.

Remarks. 1. When R is the field of real numbers, the above
theorem can be generalized to Hilbert spaces H over R or R(i).
Here, G is the unit group of the Banach algebra of bounded op-
erators H → H . In this case the polar decomposition is proved
in [98; Thm. VIII.6, p. 73] with L the set of positive (self-adjoint)
operators in G . The details will be left to the reader.
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2. Part (5) is a generalization of (2.7.6), because the hypothesis
“α(ΩG) ⊆ ΩG ” can be dispensed with.

We shall now go through various subgroups of GL(n,K), to show
how they give rise to K-loops, and to study some of their properties.
In fact we can handle many classical groups.

B. General and Special Linear Groups

(9.2) Theorem. Let R be n -real, K := R(i), and let

G ∈ {SL(n,R),GL(n,R),SL(n,K),GL(n,K)}.

Then G = LGΩG , i.e., LG is a transversal of G/ΩG, and (LG, ◦)
is a K-loop.

Proof. By (1.16) it suffices to show that for every A ∈ G , there
exists B ∈ LG with B2 = AA∗ . By (1.13) all the eigenvalues of
AA∗ are squares in R . Hence (1.17) shows the result.

We’ll determine the left inner mapping groups of our K-loops. This
has been published in [65] by Kiechle and Konrad. It will be
used to characterize those of our examples which have fixed point
free left inner mappings. We note that by PSO(2, R) we mean
SO(2, R)/{±I2} , despite the fact that SO(2, R) is commutative.

(9.3) Theorem. Let R be n -real, K := R(i), and let

G ∈ {SL(n,R),GL(n,R),SL(n,K),GL(n,K)}.

(1) D(LG) ∼=
{

PSO(n,R) if G ∈ {SL(n,R),GL(n,R)}
PSU(n,K) if G ∈ {SL(n,K),GL(n,K)}.

(2) Z(LG) = Nr(LG) = R∗In ∩ LG

=
{ {In} if G ∈ {SL(n,R),SL(n,K)}
{rIn; r > 0} if G ∈ {GL(n,R),GL(n,K)} .

(3) (LG, ◦) has fixed point free left inner mappings if and only if
G = SL(2, R) . This will work whenever R is a pythagorean field.

(4) PSL(2, R) = LSL(2,R) ×Q D
(
LSL(2,R)

)
is a specific group of

characteristic 0.
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(5) LG is uniquely 2-divisible if and only if R is euclidean.

Proof. (1) Let DG := 〈dA,B ; A,B ∈ LG〉 . From (2.8) or (9.1.2)
one derives

DG/ CDG
(LG) ∼= D(LG).

From (1.22) we infer CDG
(LG) = DG∩InK∗. So it suffices to show

that

DG =
{

SO(n,R) if G ∈ {
SL(n,R),GL(n,R)

}
SU(n,K) if G ∈ {

SL(n,K),GL(n,K)
}
.

By (9.1.4) the inclusions “⊆” are immediate. It therefore remains
to prove that

DG ⊇
{

SO(n,R) if G = SL(n,R)
SU(n,K) if G = SL(n,K).

This will be done in several steps. First we consider the case G =
SL(2, R). We have

LG =
{(

α β
β γ

)
∈ R2×2; α > 0, αγ − β2 = 1

}
,

ΩG = SO(2, R) =
{(

u −v
v u

)
∈ R2×2; u2 + v2 = 1

}
.

For two elements

A =
(
α β
β γ

)
, B =

(
α′ β′

β′ γ′

)
∈ L

let (
a b
c d

)
:= AB =

(
αα′ + ββ′ αβ′ + γ′β
α′β + γβ′ γγ′ + ββ′

)
and

∆2 := (a+ d)2 + (b− c)2 = a2 + b2 + c2 + d2 + 2.

The last equality follows from detAB = ad − bc = 1. Since R is
pythagorean, we have ∆ ∈ R, and there is no loss to take ∆ ≥ 0.
Using this notation, we can give the explicit description

A ◦B =
1
∆

(
a2 + b2 + 1 ac+ bd
ac+ bd c2 + d2 + 1

)
=: C

and
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dA,B =
1
∆

(
a+ d b− c
c− b a+ d

)
=: U.

Indeed, we’ll prove CU = AB , i.e., ∆2AB = ∆2CU =
(a2 + b2 + 1)(a+ d)

+ (ac+ bd)(c− b)
(a2 + b2 + 1)(b− c)

+ (ac+ bd)(a+ d)

(ac+ bd)(a+ d)

+ (c2 + d2 + 1)(c− b)
(ac+ bd)(b− c)

+ (c2 + d2 + 1)(a+ d)

 .

Using ad− bc = 1, we can compute

(a2 + b2 + 1)(a+ d) + (ac+ bd)(c− b) =

a(a2 + b2 + 1 + ad+ c2 − bc) + d(b2 + 1 + bc− b2) =

a(a2 + b2 + c2 + d2 + 2) = a∆2,

hence the (1,1) entry behaves as claimed. In a very similar way,
one can verify three more equalities for the other three entries to
obtain the assertion.

Clearly det(U) = 1, and so U ∈ ΩG . This also implies det(C) = 1.
By construction, C is symmetric and positive definite, hence it is
an element of LG . Now (9.2) shows C = A ◦B and U = dA,B .

Using this, all we need to do is to produce enough dA,B ’s to gen-
erate SO(2, R). Put

A :=
(
α 0
0 α−1

)
, B :=

(
1 β
β γ

)
∈ L, α, β, γ ∈ R,

i.e., α > 0 and γ − β2 = 1. Then we compute

AB =
(

α αβ
α−1β α−1γ

)
,

∆2 = α2 + α2β2 + α−2β2 + α−2γ2 + 2

and

dA,B =
1
∆

(
α+ α−1γ β(α− α−1)
β(α−1 − α) α+ α−1γ

)
. (i)
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Note that (α+ α−1γ)∆−1 > 0. We now prove

(a) For all c ∈ R there exist α, β, γ ∈ R with α > 0, γ − β2 = 1

and c =
β(α− α−1)
α+ α−1γ

.

Proof of (a). Plugging in 1 + β2 for γ , the condition becomes

c =
β(α− α−1)

α+ α−1(1 + β2)
⇐⇒ c(α2 + 1) + cβ2 = β(α2 − 1)

⇐⇒ cβ2 + (1− α2)β + c(1 + α2) = 0.

We have to find α ∈ R with α > 0 such that this quadratic
equation in β has a solution. This is the case if and only if the
discriminant D is a square in R , where

D : = (1− α2)2 − 4c2(1 + α2)

=
(
α2 − (2c2 + 1)

)2 + 1− (
(2c2 + 1)2 + 4c2

)
.

This is also true (though trivial) if c = 0. Since R is pythagorean,

y :=
1
4
(
(2c2 + 1)2 + 4c2

)
is a square in R . Thus there is an α ∈ R, α > 0, such that
α2 := (2c2 +1)+y+1. The discriminant of our quadratic equation
then becomes

D =
(
(2c2 + 1) + y + 1− (2c2 + 1)

)2 + 1− 4y

= y2 − 2y + 1 + 1 = (y − 1)2 + 1.

This is a square in R, hence (a) is proved.

(b) For every U =
(
u v
−v u

)
∈ SO(2, R) with u > 0, there exist

A,B ∈ L such that dA,B = U.

Proof of (b). Let c :=
v

u
. Then because of (a) and (i) there exist

A,B ∈ L with dA,B =
(
u′ v′

−v′ u′

)
such that c =

v′

u′ . From

u2 + v2 = 1 = u′2 + v′2 and
v

u
=
v′

u′
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we obtain

1 = u2 +
( u
u′
)2
v′2 = u2 +

( u
u′
)2
−
( u
u′
)2
u′2 =

( u
u′
)2
,

i.e., u = u′(> 0). Hence dA,B = U, and (b) is proved.

In particular, there are A,B ∈ L with

dA,B =
( 1

2

√
2 1

2

√
2

− 1
2

√
2 1

2

√
2

)
,

hence

(dA,B)2 =
(

0 1
−1 0

)
and (dA,B)4 = −I2.

From this one easily derives SO(2, R) ⊆ DSL(2,R) .

We’ll now take care of the case G = SL(2,K). In fact, we can
reduce to the previous case.

(c) For every U ∈ SU(2,K) there is T ∈ SU(2,K) such that
TUT−1 ∈ SO(2, R).

Proof of (c). Any U ∈ SU(2,K) is of the form U =
(
u v
−v̄ ū

)
.

Using uū + vv̄ = 1 the characteristic polynomial of this matrix
becomes x2 − (u+ ū)x+ 1, and the eigenvalues are

α = Re(u) +
√

(u+ ū)2/4− uū− vv̄
= Re(u) +

√
(−1)(vv̄ − (u− ū)2/4)

= Re(u) + i
√
vv̄ + Im(u)2 = α1 + iα2

ᾱ = α1 − iα2, α1, α2 ∈ R (because R is pythagorean).

One easily verifies that the corresponding eigenvectors are

v =
(
α2 + Im(u)

iv̄

)
, w =

(
iv
(
α2 − Im(u)

)
vv̄

)
,

where v belongs to α . A simple calculation shows that v and
w are orthogonal.1 Since R is pythagorean, there exist r, s ∈ R,
r, s > 0, with

r2 = ‖v‖2 = v∗v = 2α2
(
α2 + Im(u)

)
1 An alternative approach would be the observation that U is a normal

endomorphism.
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and
s2 = ‖w‖2 = w∗w = 2α2vv̄

(
α2 − Im(u)

)
.

Put
S :=

( 1
r
v

1
s
w
)
∈ SU(2,K),

then

S−1US =
(
α 0
0 ᾱ

)
=: Λ.

An easy calculation shows that Λ is conjugate to(
α1 α2
−α2 α1

)
∈ SO(2, R)

via the matrix 1√
2

(
1 i
i 1

)
∈ SU(2,K). This proves (c).

Clearly, DSL(2,R) ⊆ DSL(2,K) . By (9.1.2) and (9.1.5) the normal
subgroup generated by DSL(2,R) = SO(2, R) in SU(2,K) is con-
tained in DSL(2,K) . Now, (c) shows that this group is equal to
SU(2,K), hence SU(2,K) ⊆ DSL(2,K) .

The general case can be reduced to the case n = 2 by using the
embeddings

∆k :

{
SL(2,K) → SL(n,K)

A �→ diag(Ik−1, A, In−1−k),
1 ≤ k ≤ n− 1, (ii)

introduced just before (1.19). Now (1.19) and (2.7.6) imply for all
A,B ∈ H(n,K)

∆k(dA,B) = d∆k(A),∆k(B), hence ∆k

(
SU(2,K)

) ⊆ DSL(n,K)

with what we have proved above. (1.20) shows the result for the
case G = SL(n,K). The case G = SL(n,R) runs exactly the same.

(2) Let A ∈ LG, r ∈ R with rIn ∈ LG , then r > 0, and rInA =
rA ∈ LG . Therefore, drIn,A = In , and rIn ∈ N� = Nm = Z ⊆ Nr

by (9.1.2), (5.1.2) and (5.10.2). By (5.4.2), we’re left to showing
that Nr = Fix

(
D(LG)

) ⊆ {rIn; r > 0}.
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Noting that det(rIn) = rn = 1 ⇐⇒ r = 1, it suffices to do the
cases G = GL(n,R) and G = GL(n,K). Let A ∈ Nr . By (1.12)
there exists ω ∈ SO(n,R), or ω ∈ SU(n,K), respectively, such
that ω̂(A) = diag(α1, . . . , αn), with α1, . . . , αn ∈ R. From (1) we
know ω̂ ∈ D(LG), hence A = ω̂(A) = diag(α1, . . . , αn).

A simple calculation shows that for all β1, β2 ∈ K(
0 1
−1 0

)
diag(β1, β2)

(
0 1
−1 0

)−1

= diag(β2, β1). (iii)

Using the embeddings ∆k : GL(2,K) → GL(n,K) from (1.19) (see
also (ii)) one easily derives αk = αk+1 for all k ∈ {1, . . . , n− 1},
and A = α1In . Clearly, α1 > 0.

(3) Assume first that D(LG) acts fixed point free on LG . If A :=
diag(λ, λ, . . .) ∈ LG for some λ > 1, then (iii) shows ωAω−1 = A,
for

ω := diag
((

0 1
−1 0

)
, In−2

)
∈ SO(n,R) ⊆ ΩG.

Moreover, ω̂ �= 1, by (1.22). By (1), ω̂ ∈ D(LG), and ω̂ is not
fixed point free, a contradiction.

Therefore we must have n = 2 and G = SL(2, . ). 2 The case G =
SL(2,K) must be excluded, because ω := diag(i,−i) ∈ ΩG and ω̂
has fixed point diag(λ, λ−1) ∈ LG for every positive λ ∈ R , but
ω̂ �= 1 by (1.22). Also, ω̂ ∈ D(LG) by (1).

Now assume G = SL(2, R), then ΩG = SO(2, R). Let A ∈ LG,
A �= I2 , and choose ω ∈ ΩG with ωAω−1 = A . By (1.12) there is
S ∈ SO(2, R) such that

Λ := SAS−1 = diag(λ, λ−1)

is diagonal. The second eigenvalue of Λ has to be λ−1 , because
det Λ = 1. For ω′ := SωS−1 we have ω′Λω′−1 = Λ and ω′ ∈ ΩG .
Since λ > 0 and λ �= 1, we have λ �= λ−1 . From (1.18) we conclude
that ω′ = diag(α1, α2) and |α1| = |α2| = 1. Since detω′ = 1, we
have α1 = α2 = ±1. Thus ω̂′ = 1 , and so ω̂ = 1 .

2 G = SL(n, . ) also follows from (2) and (5.10.2).
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(4) By (3) and (7.19), all we need to show is that every element
A ∈ LSL(2,R)

# has infinite order. Because of (9.1.4) we can look at
A is G. The eigenvalues of A are all positive elements of R, not
all equal to 1. Such elements have infinite order, thus so has A.

(5) Assume that LG is 2-divisible, and let a ∈ R, a > 0. Then the
matrix A := diag(a, a−1, 1, . . . , 1) ∈ LG in all four cases. Since A
has a square root in LG , then a must have a square root in R.
Therefore R is euclidean.

Let R be euclidean, and choose A ∈ LG . By (1.12) the eigenvalues
of A are positive elements of R, hence squares. Now (1.17) shows
that A has a square root in LG . This is unique by (1.14).

In (1), we have actually proved a little more. This will be useful
later.

(9.4) Let R be n -real, K := R(i), then

DG : = 〈dA,B ; A,B ∈ LG〉

=
{

SO(n,R) if G ∈ {SL(n,R),GL(n,R)}
SU(n,K) if G ∈ {SL(n,K),GL(n,K)}.

For the next example, we’ll need some preparation.

(9.5) Let K be an arbitrary field and A ∈ GL(2,K) such that
detA = α2 is a square in K , i.e., α ∈ K . Put β := trA and
assume

√
2α+ β ∈ K . For

B :=
1√

2α+ β
(αI2 +A)

we have

(1) B2 = A .

(2) If K = R(i) with an ordered field R , and if A is hermitian
with α,

√
2α+ β ∈ R, then B is hermitian.

(3) If, in addition to the assumptions of (2), A is positive definite,
and α,

√
2α+ β > 0 , then B is positive definite.3

3 Notice that “positive definite” implies α,
√

2α + β ∈ R.
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(4) With assumptions as in (3), the conditions B hermitian, posi-
tive definite with B2 = A , uniquely determine B . In this case we
write

√
A := B .

The Proof of the first part comes easily from the Cayley-Hamilton-
Theorem. It is also easy to see that B is hermitian in case (2).

(3) To see that B is positive definite, simply compute v∗Bv for
general v ∈ R(i)2.

(4) follows directly from (1.14).

For our example, we’ll assume that R is an arbitrary, ordered field.
Write Rreal for a (fixed) real closure of R .

Let K = R(i) as before, n = 2, and let GL′(2,K) := {A ∈
GL(2,K); detA ∈ R} , the invertible 2 × 2-matrices over K with
“real” determinant. Consider

G :=
⋃

d∈R, d>0

√
dGL′(2,K) ⊆ GL

(
2, Rreal(i)

)
,

where
√
d is chosen positive in Rreal. Clearly, G is a subgroup of

GL
(
2, Rreal(i)

)
.

(9.6) For all A ∈ LG we have AA∗ ∈ κ(LG) , hence LG is a
transversal of G/ΩG and (LG, ◦) is a K-loop.

Proof. We have A =
√
dB for some d > 0 and some B ∈

GL′(2,K). Thus AA∗ = dBB∗ and det(dBB∗) = d2(detB)2 is a
square in R . Also, AA∗ is hermitian, positive definite, so by (9.5)
C :=

√
AA∗ ∈ LG satisfies κ(C) = C2 = AA∗ .

The remaining assertions follow from the preceding paragraph,
(1.16), and (9.1).

Remarks. 1. The above example is isomorphic to the example
described by Im [48] via the map κ . More precisely: Let H̃ be the
set of positive definite 2 × 2-matrices over K with square deter-
minant, i.e., for all A ∈ H̃ there is α ∈ R such that detA = α2 .
The map κ : LG → H̃; X �→ X2 is bijective and (H̃,+) becomes
a K-loop by (see also (6.14))

A⊕B := κ
(
κ−1(A) ◦ κ−1(B)

)
= κ−1(A)Bκ−1(B).
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This is Im’s example! To see that κ is actually well-defined and
bijective, note first that κ(X) != XX∗ does have square determi-
nant. From (1.14) we know that κ is injective. Finally, for B ∈ H̃
(9.5) gives κ−1(B) =

√
B ∈ LG .

2. As we have indicated, Im’s construction uses the method of
(6.14). In fact some of the examples above and the one of (9.9)
below have been constructed this way.

3. Kikkawa was probably the first to observe that the method of
(6.14) could be applied to sets of positive definite symmetric and
hermitian matrices over the reals, to give what we call left power
alternative Kikkawa loops, [67; Ex. 1.5]. He didn’t mention the Bol
identity, though.

C. Linear Groups over the Quaternions

Throughout this subsection, we assume that R is n -real. We begin
with a construction which will also be useful, when we deal with
symplectic, pseudo-orthogonal and pseudo-unitary groups in the
following subsections.

Let τ be an involutory automorphism of GL(n,K) which com-
mutes with ∗ , i.e., (A∗)τ = (Aτ )∗ for all A ∈ GL(n,K). Moreover,
we assume that τ induces a map R \ {0} → R \ {0} , also denoted
by τ , such that

diag(α1, . . . , αn)τ = diag(ατ
1 , . . . , α

τ
n), and α > 0 ⇐⇒ ατ > 0,

for all α, α1, . . . , αn ∈ R \ {0} .
There are three examples for τ , which we shall be interested in:

A �→ Ā, A �→ (A−1)T and A �→ A−∗ := (A−1)∗.

Furthermore, let J ∈ GL(n,K) be such that J∗ = λJ−1 for some
λ ∈ R . We’ll consider

G
(n)
τ,J := {A ∈ GL(n,K); Aτ = JAJ−1},
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which is clearly a subgroup of GL(n,K).

(9.7) Theorem. For A ∈ G := G
(n)
τ,J , we have

(1) A∗ ∈ G and
√
α

τ =
√
ατ , α a square in R \ {0} ;

(2) There exists B ∈ LG with AA∗ = B2 , hence LG is a transver-
sal of G/ΩG and (LG, ◦) becomes a K-loop as in (9.1). This holds
verbatim if G = G

(n)
τ,J ∩GL(n,R).

Proof. (1) We have Aτ = JAJ−1 , hence

(A∗)τ = (Aτ )∗ = (J−1)∗A∗J∗ = (J∗)−1A∗J∗

= λλ−1JA∗J−1 = JA∗J−1.

For the second assertion, it suffices to note that τ : R\{0} → R\{0}
is multiplicative, and

√
α

τ
> 0.

(2) Observe that B does exist in H(n,K) = LGL(n,K) by (9.2.1)
and (1.16), and is unique by (1.14). Thus it is enough to show that
B ∈ G.
Let α1, . . . , αn be the eigenvalues of AA∗. By the spectral theorem
(1.12) and the required properties of τ, the eigenvalues of (AA∗)τ

are ατ
1 , . . . , α

τ
n. By (1.13) the αk ’s are squares in R. By (1) so are

the ατ
k ’s. Therefore we can apply (1.17) to the matrices AA∗ and

(AA∗)τ . According to (1.17) there exists a polynomial f ∈ R[x]
with

B = f(AA∗), f
(
(AA∗)τ

) ∈ H(n,K)

and (
f
(
(AA∗)τ

))2
= (AA∗)τ .

Since also (Bτ )2 = (B2)τ = (AA∗)τ , we must have f
(
(AA∗)τ

)
=

Bτ by (1.14). Therefore, using (1), we can compute

JBJ−1 = Jf(AA∗)J−1 = f(JAA∗J−1) = f
(
(AA∗)τ

)
= Bτ ,

hence B ∈ G . Since f is a polynomial over R, we can conclude
that B ∈ GL(n,R) if AA∗ ∈ GL(n,R).

For a first application let H := R(i, j) be the quaternions over R ,
where i, j satisfy the usual identities (see [43]). Note that H is a
non-commutative skewfield.
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Let τ : GL(2n,K) → GL(2n,K);A �→ Ā and

J := diag

((
0 −1
1 0

)
, . . . ,

(
0 −1
1 0

))
∈ GL(2n,R)

By [43; I.2 Satz 17, p. 33] we have

(9.8) GL(n,H) ∼= G
(2n)
τ,J , where quaternions are identified with

complex 2× 2 -matrices in the canonical way.

Using the above identification, we let SL(n,H) := SL(2n,K) ∩
GL(n,H), and we obtain

(9.9) Let G ∈ {SL(n,H),GL(n,H)} . Then LG is a transversal of
G/ΩG and is therefore a K-loop.

Proof. Obviously, τ commutes with ∗ and J∗ = JT = J−1 .
Thus for GL(n,H) the assertion is immediate from (9.7.2). If
G = SL(n,H), let A ∈ G . Then B ∈ LGL(n,H) with B2 = AA∗

necessarily has determinant 1, hence the result.

Remark. In the case n = 2 this example has been found by Kon-

rad [76], using a different approach. Konrad has used euclidean
fields, while we need 4-real fields. By (1.7) there exist 4-real fields
which are not euclidean. It seems open, whether every euclidean
field is 4-real, but notice the second statement in (1.7).

D. Symplectic Groups

To define the symplectic groups take

τ : GL(2n,K) → GL(2n,K); A �→ (A−1)T

and

J :=
(

0 In
−In 0

)
∈ R2n×2n.

The groups Sp(2n,K) :=
{
A ∈ GL(2n,K); ATJA = J

}
= G

(2n)
τ,J

and Sp(2n,R) := Sp(2n,K) ∩ GL(2n,R) are called the symplec-
tic groups over K, R, respectively (see [47; II.9]). By [47; II.9.19,
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p. 224] we have Sp(2n,K) ⊆ SL(2n,K). We will not really need
this fact, but it explains why there is no point in intersecting
Sp(2n,K) with SL(2n,K). Recall that Sp(2,K) = SL(2,K) [47;
II.9.12, p. 219], so the interesting cases start with n ≥ 2. A direct
application of (9.7.2) gives

(9.10) Theorem. If G ∈ {Sp(2n,R),Sp(2n,K)}, then LG is a
transversal of G/ΩG and is therefore a K-loop.

E. Pseudo-orthogonal and Pseudo-unitary Groups

Our third application of the construction in C will be to pseudo-
orthogonal and pseudo-unitary groups over R and K, respectively.
We continue to assume that R is n -real.

Let τ =−∗ , i.e., Aτ = (A−1)∗ = (A∗)−1 , let p, q ∈ N be such that
p+ q = n, and put

J := diag( 1, . . . , 1︸ ︷︷ ︸
p

,−1, . . . ,−1︸ ︷︷ ︸
q

) = diag(Ip,−Iq) ∈ GL(n,R).

Then (v,w) �→ v∗Jw defines a hermitian form on Kn, or a
symmetric form on Rn, respectively. The corresponding isometry
groups are the pseudo-unitary, pseudo-orthogonal groups, respec-
tively. More precisely,

U(p, q) : = G
(n)
τ,J = {A ∈ GL(n,K); A∗JA = J},

O(p, q) : = U(p, q) ∩GL(n,R).

Note that the fields K,R, respectively, are tacitly understood,
and thus suppressed from the notation. We also write briefly
U(n),O(n) for U(n,K),O(n,R), respectively.

Directly from (9.7.2) we get

(9.11) Theorem. Let G ∈ {O(p, q),U(p, q)}. Then LG is a
transversal of G/ΩG and is therefore a K-loop.

We shall now take a closer look at the so constructed K-loops. We
begin with a useful characterization of U(p, q).



122 9. K-Loops from Classical Groups over Ordered Fields

(9.12) Write A ∈ GL(n,K) as A =
(
S X
Y T

)
, with S ∈ Kp×p,

X ∈ Kp×q, Y ∈ Kq×p, T ∈ Kq×q, then

(1) A ∈ U(p, q) if and only if

S∗S = Ip + Y ∗Y, T ∗T = Iq +X∗X, S∗X = Y ∗T.

(2) If A ∈ LU(p,q) , then S, T are positive definite, hermitian, and
Y = X∗.

(3) Given X ∈ Kp×q, there exist unique positive definite, hermi-
tian S ∈ Kp×p, T ∈ Kq×q such that

S2 = Ip +XX∗ and T 2 = Iq +X∗X.

Moreover,

A :=
(
S X
X∗ T

)
∈ LU(p,q).

In particular, A is uniquely determined by X.

Proof. (1) is easy to see (cf. [43; p. 52]).

(2) If A is hermitian, then S = S∗, T = T ∗ and Y = X∗ . It
remains to show that S, T are positive definite. This is easy to see,
and can be left to the reader.

(3) By (1) S and T must satisfy the given conditions:

S2 = Ip +XX∗, T 2 = Iq +X∗X and also SX = XT.

By (1.13) we know that the eigenvalues of XX∗ and X∗X are
squares in R . Since R is pythagorean, the eigenvalues of Ip+XX∗

and Iq + X∗X are also squares in R . Noting that R is p - and
q -real, (1.17) shows that Ip +XX∗ and Iq +X∗X do have square
roots in H(p,K), H(q,K), respectively. These square roots are
unique by (1.14). Therefore S and T are uniquely determined,
given X.

Next, we prove that SX = XT (to make sure that A is hermitian).
Using (1.17) again, there exists a polynomial f ∈ R[x] such that
S = f(S2) and T = f(T 2). Therefore, it suffices to show that
S2X = XT 2, but this is clear from the equations for S2 and T 2.
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Finally, we have to show that A is positive definite. We have

A = F diag
(
S, T−1)F ∗, where F =

(
Ip 0

X∗S−1 Iq

)
,

because X∗S−1X+T−1 = X∗XT−1+T−1 = (X∗X+Iq)T−1 = T.
Since diag

(
S, T−1

)
is positive definite by construction of S, T , the

result follows.

We note in passing that part (2) of the preceding lemma holds for
arbitrary positive definite, hermitian matrices.

A ∈ U(p, q) will frequently be written as a block matrix, with
appropriate sizes as in (9.12) tacitly understood.

We can now determine the structure of ΩG . To get handy notation,
write

U(p)×U(q) = {diag(S, T ); S ∈ U(p,K), T ∈ U(q,K)} ⊆ U(p, q),

and analogously for O(p)×O(q) ⊆ O(p, q). Notice that U(p)×U(q)
really is isomorphic to the direct product of U(p) and U(q).

(9.13) Theorem. Let G ∈ {O(p, q),U(p, q)}. Then

ΩG =
{

U(p)×U(q) for G = U(p, q);
O(p)×O(q) for G = O(p, q).

The Proof will be done for G = U(p, q) only. The other case is
exactly the same.

Obviously, U(p)×U(q) ⊆ ΩG (see also (9.12)).

Let e1, . . . , en be the standard basis of Kn. Observe that ω ∈ ΩG

is isometric with respect to the hermitian forms

(v,w) �→ v∗w and (v,w) �→ v∗Jw.

Let k ∈ {1, . . . , p} , and ωek = (v1, . . . , vn). Then e∗
kek = 1 and

e∗
kJek = 1, therefore

(ωek)∗(ωek) = |v1|2 + . . .+ |vn|2 = 1
and
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(ωek)∗J(ωek) = |v1|2 + . . .+ |vp|2 − |vp+1|2 − . . .− |vn|2 = 1.

Subtracting these two equations yields

2(|vp+1|2 + . . .+ |vn|2) = 0, hence vp+1 = . . . = vn = 0.

If k ∈ {p+ 1, . . . , n}, then e∗
kek = 1 and e∗

kJek = −1. A very
similar line of reasoning shows v1 = . . . = vp = 0. This proves that

ω = diag(S, T ) with S ∈ GL(p,K), T ∈ GL(q,K).

By (9.12.1), S and T are unitary.

The next lemma shows that we could have started just as well
with SU(p, q), SO(p, q) the set of elements of U(p, q), O(p, q),
respectively, of determinant 1. However, for the sake of general-
ity we chose the present approach. It also gives a new proof for
det dA,B = 1 (see (9.1.4)) in the present special situation.

(9.14) For A ∈ LU(p,q), we have detA = 1.

Proof. The defining equation for elements of U(p, q) gives

(detA)(detA) = 1.

Since A, being positive definite, has positive determinant, we con-
clude that detA = 1.

It turns out that some of our “new” examples are already known.
Here we can take advantage of the preceding lemma.

(9.15) Every element of SU(1, 1) is of the form(
a b
b̄ ā

)
, a, b ∈ K, aā− bb̄ = 1.

The map

φ :


SU(1, 1) → SL(2, R)(
a b
b̄ ā

)
�→

(
a1 + b1 −a2 + b2
a2 + b2 a1 − b1

)
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where a = a1 + a2i, b = b1 + b2i , is an isomorphism, with

φ(LSU(1,1)) = LSL(2,R) and φ(ΩSU(1,1)) = ΩSL(2,R) .

Hence the loops LSU(1,1) = LU(1,1) and LSL(2,R) are isomorphic
via φ.

Proof. Let A =
(
a b
c d

)
∈ SU(1, 1). By (9.12.1), and detA = 1,

we have

āb = c̄d, aā− cc̄ = 1 and ad− bc = 1,

therefore
aāb = ac̄d = c̄(1 + bc) = c̄+ bcc̄

=⇒ b = b(aā− cc̄) = c̄ and ā = d.

This shows that the elements of SU(1, 1) are of the given form. Fur-
thermore, the R -subspace U := {(z, z̄)T; z ∈ K} ⊆ K2 is invariant
under the action of SU(1, 1). Choosing the basis (1, 1)T, (i,−i)T,
of U, gives the homomorphism φ. Let

A =
(
a b
b̄ ā

)
∈ SU(1, 1),

then detφ(A) = a2
1 + a2

2 − b21 − b22 = aā − bb̄ = 1, hence φ(A) ∈
SL(2, R).

An easy calculation shows that φ(A) = I2 implies a = 1, b = 0, so
the kernel of φ is trivial, and φ is injective.

A is positive definite, hermitian if and only if a = a1 =
√

1 + bb̄ ,
so in particular, a1 > 0, a2 = 0, if and only if φ(A) is positive
definite, symmetric.

By (9.13) A ∈ ΩSU(1,1) if and only if b = 0 if and only if φ(A) ∈
SO(2) = ΩSL(2,R) .

Using the polar decomposition (9.2) for SL(2, R) gives an easy
proof for the surjectivity of φ. (It’s not hard to do this directly,
either.)

Next we consider the special case O(p, 1). The connection with
relativity will be explored in §10.
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(9.16) Let A,B ∈ LO(p,1), then dA,B = diag(U, 1) for U ∈ SO(p).

Proof. Using (9.12), we can write

A =
(
S1 X1
X∗

1 t1

)
and B =

(
S2 X2
X∗

2 t2

)
,

where tk =
√

1 +X∗
kXk > 0, (k = 1, 2). (Note that here X∗ =

XT.) The (n, n)-entry of AB is r := X∗
1X2 + t1t2.

By the Schwarz inequality (1.8) we get the estimate

|X∗
1X2| ≤ ‖X1‖‖X2‖ <

√
1 +X∗

1X1
√

1 +X∗
2X2 = t1t2.

This implies that r > 0. The (n, n)-entry t3 of A ◦ B is pos-
itive, too. Since AB = (A ◦ B)dA,B , and dA,B = diag(U, e),
we can conclude that r = t3e, and e is positive, as well. But
e ∈ O(1) = {±1} (see (9.13)), hence e = 1. Finally, by (9.1.4) or
(9.14), detU = det dA,B = 1. So U ∈ SO(p).

Since SO(1) = {1} , we obtain an immediate corollary.

(9.17) LO(1,1) is an abelian group.

Remarks. 1. If R is the field of real numbers, then (9.16) holds
in much more generality. Indeed, the connected component of In
in the (Lie-)group O(p, q) is a subgroup of index four, which is
therefore strictly contained in SO(p, q) (cf. [44; IX.4.4 (b), p. 346]).
It is characterized by the condition that detS, detT > 0, where
elements are written in the form of (9.12). This implies that dA,B ∈
SO(p)× SO(q) for all A,B ∈ LO(p,q).

2. One can easily show that LO(1,1) is isomorphic to the group
of positive elements of R, applying the coordinate transformation

given by ω :=
√

2
2

(
1 1
−1 1

)
to the representation of LO(1,1) de-

rived from (9.12.3).

(9.18) There exist homomorphisms

SL(2, R) → SO(2, 1) and, SL(2,K) → SO(3, 1)

which induce injective maps

LSL(2,R) → LSO(2,1) and, LSL(2,K) → LSO(3,1),
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respectively. These maps are monomorphisms of the K-loops. If R
is euclidean, then they are isomorphisms.

Proof. Let

H :=
{(

α b
b̄ γ

)
; α, γ ∈ R, b = b1 + ib2 ∈ K

}
,

and

S :=
{(

α β
β γ

)
∈ H; β ∈ R

}
,

be the set of hermitian, and symmetric 2× 2-matrices over K, R,
respectively. H and S are vector spaces over R of dimension 4, 3,
respectively. Indeed,(

0 i
−i 0

)
,

(
0 1
1 0

)
,

(
1 0
0 −1

)
,

(
1 0
0 1

)
is a basis of H . Deleting the first matrix gives a basis of S.
The determinant D is a quadratic form on H, given by the matrix
−diag(I3,−1), with respect to the above (ordered) basis. There-
fore, the isometry group of H is isomorphic to O(3, 1). Analo-
gously, the isometry group of S is isomorphic to O(2, 1).

Let tr be the trace on K2×2. Then T (X,Y ) := 1
2 tr(XY ) is a

symmetric bilinear form on H, which has Gram-matrix I4, with
respect to our basis. Again an analogous statement holds for S.
Now SL(2, R), SL(2,K), respectively, act on S, H, respectively,
by A�(X) := AXA∗, where A ∈ SL(2,K). This action gives
isometries of S, H with respect to D, hence the desired homo-
morphisms. More specific: if φ(A�) is the matrix representation of
A� with respect to the above (ordered) basis of H, then the map
φ : SL(2,K) → O(3, 1) is the desired homomorphism in the first
case. The second case is analogous.

We’re going to prove

(a) The kernel of φ is {±I2}, in both cases.

Indeed, let A ∈ SL(2,K) with φ(A) = I4 . Then AI2A
∗ = I2 and

Adiag(1,−1)A∗ = diag(1,−1), hence A ∈ SU(2,K)∩ SU(1, 1). By
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(9.13) A = diag(a, ā), aā = 1. Moreover,

A

(
0 1
1 0

)
A∗ =

(
0 a2

ā2 0

)
!=
(

0 1
1 0

)
=⇒ a = ±1.

This implies (a).

Our next claim is that U ∈ SU(2,K) is mapped to an isometry
with respect to T, indeed for X,Y ∈ H

T (U�(X), U�(Y )) =
1
2

tr(UXU−1UY U−1) = T (X,Y ).

using that U∗ = U−1. Therefore,

φ(ΩSL(2,R)) ⊆ ΩO(2,1) and, φ(ΩSL(2,K)) ⊆ ΩO(3,1),

respectively. We now claim that a hermitian matrix A in SL(2,K)
induces a self-adjoint, positive definite operator with respect to T.
Indeed, for X,Y ∈ H, we have

T (A�(X), Y ) =
1
2

tr(AXAY ) =
1
2

tr(XAY A) = T (X,A�(Y )),

so A� is self-adjoint, and we are left to showing T
(
A�(X), X

)
=

1
2 tr(AXAX) > 0. By (1.12) and the conjugate invariance of the
trace, there is no loss of generality to assume that A = diag(β, β−1)

(note that detA = 1). Let X =
(
α b
b̄ γ

)
, then

tr(AXAX) = tr

((
βα βb
β−1b̄ β−1γ

)2
)

= β2α2 + β−2γ2 + 2bb̄ > 0.

Hence A� is positive definite. Therefore, the restrictions of φ

LSL(2,R) → LSO(2,1) and, LSL(2,K) → LSO(3,1),

respectively, are well-defined (i.e., they end up in LSO(k,1) ). By
(2.7.6), they are homomorphisms of the K-loops.
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φ(A) = φ(B) for B ∈ SL(2,K) ∩ H entails B = ±A by (a).
Exactly one of A,−A is positive definite, hence the restrictions of
φ are injective.

To deal with surjectivity, let M =
(

S X
XT T

)
∈ LSO(3,1). The

case of LSO(2,1) runs exactly the same way, and is not worked
out here. By (9.12.3), M is uniquely determined given X =

(x1, x2, x3)T ∈ R3. To construct A =
(
α b
b̄ γ

)
∈ LSL(2,K) with

φ(A�) = M, it therefore suffices to look at the action of A on the
forth basis element:(

α b
b̄ γ

)(
1 0
0 1

)(
α b
b̄ γ

)∗
=
(
α2 + bb̄ (α+ γ)b
(α+ γ)b̄ γ2 + bb̄

)
.

Writing b = b1 + b2i, this leads to the conditions

(x1, x2, x3) = (α+ γ)
(
b2, b1,

1
2
(α− γ)) and αγ − bb̄ = 1.

Now M is in the image of our monomorphism (i.e., the restriction
of φ) if and only if this system of equations has solutions α, γ ∈
R, b ∈ K . To make this more handy, we rewrite it into

b2 =
x1

2v
, b1 =

x2

2v
,

1
2
(α− γ) =

x3

2v
,

and
v2 = 1 + bb̄+

(1
2
(α− γ))2,

where

v =
1
2
(α+ γ), thus α = v +

x3

2v
, γ = v − x3

2v
.

The existence of α, γ, b is therefore equivalent with the existence
of v, subject to

v2 = 1 +
x2

1 + x2
2 + x2

3

4v2 , hence v2 =
1
2
(1 + w),
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where w :=
√

1 + x2
1 + x2

2 + x2
3 ∈ R, w > 0.

If R is euclidean, there is a (unique) positive v =
√

(1/2)(1 + w) ∈
R, and the existence of A follows. A will be positive definite, since
detA = 1 and the trace of A is 2v.

Remark. By (1.26), the field R((t)) is a pythagorean field, and
using (1.25), the element

1 +
√

1 + t−2 = 1 + t−1(1 +O(t2)
)

= t−1(1 + t+O(t2)
)

is not a square. Hence in general pythagorean fields, (1 +w) from
the preceding proof is not necessarily a square.

We’ll need conditions for the left inner mappings to be fixed point
free:

(9.19) Let ω = diag(U, V ) ∈ ΩU(p,q) = U(p) × U(q) and A =(
S X
X∗ T

)
∈ LU(p,q). Then we have ωAω−1 = A if and only if

UXV ∗ = X. This implies USU−1 = S and V TV −1 = T.

Proof. Noting that U∗ = U−1, V ∗ = V −1, we find

ωAω−1 =
(
USU−1 UXV ∗

V X∗U∗ V TV −1

)
!=
(
S X
X∗ T

)
implies all the given equations.

For the converse, assume that

UXV ∗ = X, hence X∗ = (UXV ∗)∗ = V X∗U∗.

It remains to show that S and T are well behaved. (9.12.3) shows
that US2U−1 = S2 and V T 2V −1 = T 2. Using the uniqueness of
the square root (1.14), one can conclude that the same is true for
S and T .

With this we can characterize those of our K-loops with fixed point
free left inner mapping groups. Note that if R is euclidean, then the
statement for G = O(2, 1) follows from (9.18) and (9.3.2) already.

(9.20) Theorem. Let G ∈ {O(p, q),U(p, q)} with p ≥ q. Then
the K-loop LG has fixed point free left inner mappings if and only
if G ∈ {O(1, 1), O(2, 1), U(1, 1)}.
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Proof. The case G = O(1, 1) is trivial, since LO(1,1) is an abelian
group by (9.17). In the case G = U(1, 1), the result is a conse-
quence of (9.15) and (9.3.2).

The case G = O(2, 1) is also easy: In view of (9.16), the condition
of (9.19) becomes UX = X with U ∈ SO(2), X ∈ R2. But this is
only possible when U = I2.

For the converse, a proof for G = U(2, 1) and G = O(p, q) with
p ≥ 3 suffices.

Let’s do the case G = O(p, q) first. We’ll construct A,B,C ∈ LG

such that δA,B(C) = C, but δA,B �= 1. Then D(LG) does not act
fixed point free on LG.

We begin with a simple matrix computation. Let

A′ :=

√2 0 1
0 1 0
1 0

√
2

 , B′ :=

 1 0 0
0
√

2 1
0 1

√
2

 ∈ LO(2,1),

then

A′ ◦B′ =

 5
3

√
2

3

√
2√

2
3

4
3 1√

2 1 2


and

dA′,B′ =

 2
√

2
3

1
3 0

− 1
3

2
√

2
3 0

0 0 1

 .

Indeed

A′B′ =

√2 1
√

2
0

√
2 1

1
√

2 2

 = (A′ ◦B′)dA′,B′ .

Now let

A := diag(Ip−2, A
′, Iq−1), B := diag(Ip−2, B

′, Iq−1) ∈ LG,

then the previous calculation shows

dA,B = diag(Ip−2, dA′,B′ , Iq−1), and clearly d̂A,B = δA,B �= 1.
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Note that dA,B is of the form diag(U, V ) ∈ SO(p)× SO(q). More-
over, V = Iq. We are left with constructing C. To accomplish this,
we employ (9.12.3). Put

X :=


1 0 . . . 0
0 0 . . . 0
...

...
. . .

...
0 0 . . . 0

 ∈ Rp×q and let C :=
(

S X
XT T

)
∈ LG,

where S, T are uniquely determined given X. Recalling the hy-
potheses on p and q, it is easy to see that UX = X = XV. From
(9.19) and (9.1.2) follows δA,B(C) = C.

Finally, we’ll do the case G = U(2, 1). Recall that LU(p,q) =
LSU(p,q) by (9.14). The embedding ∆2 : SL(2,K) → SL(3,K)
introduced just before (1.19) induces an embedding

∆ :

{
SU(1, 1) → SU(2, 1)

A �→ diag(1, A)
.

Using the isomorphism φ : SU(1, 1) → SL(2, R) of (9.15), from
(2.7.6), (1.19) and (9.4) we can derive that

ω : = diag(1,−1,−1)

= ∆φ−1(−I2) ∈ ∆φ−1(SO(2)
) ⊆ 〈dA,B ; A,B ∈ LG〉 .

An easy calculation shows ωA′ω−1 �= A′ and ωB′ω−1 = B′. There-
fore ω̂ ∈ D(LG)# has a fixed point �= I3 .

F. Fibrations

Some of the K-loops constructed above posses a fibration. The
key is hidden in the following definition. Let G be a subgroup of
GL(n,K) such that G = LGΩG, i.e., LG is a K-loop by (9.1.1). A
subgroup H of G will be called fibration generating if H = LHΩH ,
so that LH is a subloop of LG . Furthermore, we require that
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{In} �= LH �= LG , that for every A ∈ LG there exists ω ∈ ΩG

with ω̂(A) ∈ LH , and for all ω ∈ ΩG

ω̂(LH) ∩ (LH)# �= ©� =⇒ ω̂(LH) ⊆ LH .

With these conditions we get

(9.21) Theorem. Let G be a subgroup of GL(n,K) such that
G = LGΩG , and let H be a fibration generating subgroup of G.
Then F = FH :=

{
ω̂(LH); ω ∈ ΩG

}
is a Ω̂G -invariant (and thus

D -invariant) fibration of LG . Moreover, all fibers, i.e., all elements
of F , are isomorphic to LH .

Proof. By (2.7) LH is a subloop of LG . By (2.7.6) and (9.1.3)
ω̂ ∈ AutLG , thus all the fibers are isomorphic to LH .

For A ∈ LG \ LH , choose ω ∈ ΩG with ω̂(A) ∈ LH . Then A ∈
ω̂−1(LH) �= LH , therefore |F| ≥ 2, and ∪F∈FF = LG .

Assume that ω̂1(LH) ∩ ω̂2(LH) �= {In} for ω1, ω2 ∈ Ω. Then for
ω := ω−1

2 ω1 we have ω̂(LH) ∩ (LH)# �= ©� , hence ω̂(LH) ⊆ LH .
We conclude that ω̂1(LH) ⊆ ω̂2(LH), and by symmetry ω̂1(LH) =
ω̂2(LH). Therefore F is a fibration.

We can now present some specific examples.

(9.22) Let G ∈ {
SL(2, R), SL(2,K)

}
and

H :=
{
diag(α, α−1); α ∈ R, α > 0

}
, then

(1) H is a fibration generating subgroup of G.

(2) H = LH and the fibration FH consists of commutative sub-
groups of LG , all isomorphic to H.

(3) For A,B ∈ LG with A �= I2 the following are equivalent

(I) A ◦B = B ◦A, i.e., A,B commute in LG ;

(II) [A,B] ∈ ΩG ;

(III) [A,B] = I2 , i.e., A,B commute in G;

(IV) Let F ∈ FH be the fiber containing A, i.e., A ∈ F, then
B ∈ F.

Proof. (1) By (9.2) we have G = LGΩG , and H = LHΩH , since
LH = H, and ΩH = {I2}. Clearly, {I2} �= LH �= LG . By the
spectral theorem (1.12) every A ∈ LG has a conjugate in H = LH .
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For the last requirement of the definition, assume that

A = diag(α, α−1) ∈ ω̂(H) ∩H# for some ω ∈ ΩG .

Now ω ∈ SU(2,K) is of the form ω =
(
a b
−b̄ ā

)
. Having in mind

that detω = aā+ bb̄ = 1, we find for some β > 0.

ω diag(β, β−1)ω−1 =
(
aāβ + bb̄β−1 ab(−β + β−1)
āb̄(−β + β−1) aāβ−1 + bb̄β

)
!= diag(α, α−1),

Since β = β−1 gives β = 1, which contradicts A �= I2 , we can con-
clude that ab = 0. Therefore ωLHω

−1 ⊆ LH , and H is fibration
generating.

(2) Clearly, H is a commutative subgroup of LG . By (9.21) the
other statements follow.

(3) “(I) =⇒ (II)” is in (2.7.5), and “(IV) =⇒ (I)” is in (2).

For the other two inclusions, there is no loss in generality to assume
A = diag(α, α−1) with α > 1, because of the spectral theorem

(1.12). Let B =
(
β b
b̄ γ

)
with β, γ ∈ R, and b ∈ K. Of course, if

G = SL(2, R), then b = b̄ ∈ R.
(II) =⇒ (III): By a direct computation we obtain that

[A,B] =
(
βγ − α−2bb̄ γb(1− α−2)
βb̄(1− α2) βγ − α2bb̄

)
∈ ΩG ⊆ SU(2,K)

implies βγ − α−2bb̄ = βγ − α2bb̄, hence α4 = 1, or b = 0. Since
α > 1, the first case is not possible. Thus b = 0, and [A,B] = I2 .

(III) =⇒ (IV): The fiber of A is H. If [A,B] = I2 , then the above
calculation shows that B ∈ H.
For the next example, we use the embedding

∆ = ∆n−1 : SL(2,K) → SL(n,K);A �→ diag(In−2, A)



F. Fibrations 135

introduced just before (1.19). In contrast with the preceding sub-
section E, we shall use SO(p, 1) and SU(p, 1) rather than the full
pseudo-orthogonal and pseudo-unitary groups. Note that by (9.14)
the corresponding loops are the same.

(9.23) Let p = n− 1 > 1 and G ∈ {
SO(p, 1),SU(p, 1)

}
. We have

(1) ∆
(
SO(1, 1)

)
is a fibration generating subgroup of SO(p, 1).

The fibers are commutative subgroups of LO(p,1) .

(2) ∆
(
SU(1, 1)

)
is a fibration generating subgroup of SU(p, 1).

The fibers are non-commutative subloops of LU(p,1) , and are iso-
morphic to LU(1,1) . In particular, they are proper K-loops.

The Proof is virtually the same for both cases, therefore only (2)
will be worked out. Put H := ∆

(
SU(1, 1)

)
.

Observe first that we really have an embedding

∆ SU(1, 1) : SU(1, 1) → SU(p, 1) with ∆(ΩSU(1,1)) ⊆ ΩSU(p,1).

By (1.19) and (2.7.6) ∆ LU(1,1)
: LU(1,1) → LU(p,1) is an embedding

of the K-loops. By (9.11) we have H = LHΩH . Clearly, {In} �=
LO(1,1) ⊆ LU(1,1) . The assumption p > 1 entails LH �= LG .

For the two main conditions we take a closer look at H. Let ep =
(0, . . . , 0, 1)T ∈ Kp be the pth unit vector. For b ∈ K let s =√

1 + bb̄ (recall that R is pythagorean) and put

M(b) : = diag
(
In−2,

(
s b
b̄ s

))
=
(

diag(1, . . . , 1, s) epb
b̄eT

p s

)
∈ LH (see (9.12)).

In fact LH = {M(b); b ∈ K}. Note that according to (9.12.3) the
matrix M(b) as an element of LG is uniquely determined by epb .
For ω = diag(U, v) ∈ ΩG ⊆ U(p)×U(1), we find

ω̂(A) = ω

(
S X
X∗ t

)
ω−1

=
(
USU−1 UXv̄
vX∗U∗ vv̄t

)
for all A =

(
S X
X∗ t

)
∈ LG.
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Notice that by (9.12) the chosen form of an element in LG is most
general. Recall that X determines A uniquely.

Let A ∈ LG be written as a block matrix as above. Then X‖X‖−1

is a normalized vector in Kp and by (1.21) there exists U ∈
SU(p,K) with

U
X

‖X‖ = ep, hence UX ∈ epK.

For ω := diag(U, 1) ∈ ΩG we have ω̂(A) ∈ LH , because ω̂(A) ∈ LG

allows us to appeal to (9.12.3).

Finally assume for ω = diag(U, v) ∈ ΩG and a, b ∈ K∗ that

ω̂
(
M(a)

)
= M(b) ∈ ω̂(LH) ∩ (LH)#.

This implies Uepav̄ = epb, thus Uep ∈ epK. Thus, ω̂
(
M(c)

) ∈ LH

for all c ∈ K, and H is fibration generating.

The statements about the fibers are direct consequences of (9.21),
together with (9.17), or (9.15) and (9.22), respectively.

Remark. These examples are due to Gabrieli and Karzel [36].
Note that this fact is not quite obvious, since their construction
uses a geometric approach. In fact their construction is more gen-
eral, because it can be applied with more ground fields. Producing
example (2) they solved the problem whether fibrations in K-loops
necessarily have commutative fibers to the negative.
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In this section, R will denote the field of real numbers, which is
clearly an (n + 1)-real ordered field for all n ∈ N. 1 Our main
concern will be the Lorentz group O(3, 1) of special relativity over
R. Because there is no difference in the exposition, we do the more
general case O(n, 1), where n ≥ 2 is the dimension of space.

We’ll apply notation and results from §9, in particular from §9.E.
To emphasize the physical meaning of some variables, we’ll deviate
slightly from notation introduced in §9. Let

Rn
c := {v ∈ Rn; ‖v‖ < c} for some c > 0.

We’ll later interpret the elements of Rn
c as admissible velocities

with c the speed of light. There is no loss in generality to assume
c = 1. We could also write v = ṽ

c , ṽ ∈ Rn
c , and substitute back in

later.

A. Lorentz Boosts

For v ∈ Rn
1 define

γ = γ(v) :=
1√

1− vTv
and B(v) :=

(
In + γ2

1+γ vvT γv
γvT γ

)
.

Directly from the definition follows

γ2 = 1 + γ2vTv. (i)

B(v) is called the Lorentz boost of v. Clearly, B(0) = In+1 . Recall
the definition of LO(n,1) given at the beginning of §9. Notice that
the elements of LO(n,1) are symmetric matrices. We have

(10.1) The map B : Rn
1 → LO(n,1); v �→ B(v) is a bijection.

1 Everything goes through with a euclidean (n + 1)-real field, in par-
ticular with a real closed field.

H. Kiechle: LNM 1778, pp. 137–142, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Proof. By (1.13) the eigenvalues of vvT are squares, therefore
In + γ2

1+γ vvT is positive definite, and clearly symmetric. In order
to apply (9.12), we compute using (i)(

In +
γ2

1 + γ
vvT

)2

= In + 2
γ2

1 + γ
vvT +

γ4

(1 + γ)2
vvTvvT

= In + vvT γ2

(1 + γ)2
(
2 + 2γ + γ2vTv

)
= In + γ2vvT 1

(1 + γ)2
(
1 + 2γ + γ2)

= In + (γv)(γv)T.

Together with (i) and (9.12.3) this shows that B(v) ∈ LO(n,1) and
that B is injective.

To see that B is surjective, we use notation from (9.12). For

A =
(

S X
XT T

)
∈ LO(n,1), put v :=

1√
1 +XTX

X =
1
T
X,

then ‖v‖2 = XTX
1+XTX < 1, thus v ∈ Rn

1 , and we have

γ(v) =
1√

1− vTv
=

1√
1− 1

1+XTXX
TX

=
√

1 +XTX = T

and X = γ(v)v. Therefore the uniqueness statement from (9.12.3)
implies B(v) = A.

The map B can be used to carry the loop structure of (LO(n,1), ◦)
(see (9.1.1) and the explanation just before) over to Rn

1 . Thus
(Rn

1 , • ) becomes a K-loop, and B is an isomorphism. We’ll now
explicitly express the resulting operation “•”.

(10.2) Theorem. Let v1,v2 ∈ Rn
1 , and put γk := γ(vk), k = 1, 2.

Then

v1 • v2 =
v1 + v2

1 + vT
1 v2

+
γ1

1 + γ1

v1vT
1 v2 − v2vT

1 v1

1 + vT
1 v2

,
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i.e., B(v1) ◦B(v2) = B(v1 • v2).

Moreover, B(v1)B(v2) = B(v1 • v2) diag(U, 1) with U ∈ SO(n).
Of course, U is uniquely determined by v1 and v2 .

Proof. By (2.7) (or (9.1)) and (10.1) we get

B(v1)B(v2) = B(v1 • v2)ω

for a uniquely determined ω ∈ ΩO(n,1) . By (9.16)

ω = diag(U, 1), U ∈ SO(n).

Therefore, the second assertion is proved, already. To get reason-
able expressions, we write v = v1 • v2 and γ = γ(v). Thus we
obtain B(v1)B(v2) =

=

(
In + γ2

1
1+γ1

v1vT
1 γ1v1

γ1vT
1 γ1

)(
In + γ2

2
1+γ2

v2vT
2 γ2v2

γ2vT
2 γ2

)

=

(
∗ γ2v2 + γ2

1γ2
1+γ1

v1vT
1 v2 + γ1γ2v1

∗ γ1γ2(vT
1 v2 + 1)

)
!= B(v) diag(U, 1) =

( ∗ γv
∗ γ

)
where the “∗” indicates a matrix entry, we don’t really need to
know. By the Schwarz inequality (1.8) we have

|vT
1 v2| ≤ ‖v1‖‖v2‖ < 1 thus γ1γ2(vT

1 v2 + 1) > 0.

This implies γ = γ1γ2(1 + vT
1 v2). Moreover, we derive from (i)

γ−1
1 (1 + γ1) = 1 + γ−1

1 = 1 + γ1 − γ1vT
1 v1

=⇒ γ−1
1 = 1− γ1

1 + γ1
vT

1 v1 .

Therefore, we find

v = (1 + vT
1 v2)−1

(
v1 + γ−1

1 v2 +
γ1

1 + γ1
v1vT

1 v2

)
=

v1 + v2

1 + vT
1 v2

+
γ1

1 + γ1

v1vT
1 v2 − v2vT

1 v1

1 + vT
1 v2

.
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This is the result.

Remarks. 1. The formula for v1 • v2 in the preceding theorem
obviously implies B(v)−1 = B(−v). This is also clear from the
physics. Notice that inverses formed in the group O(n, 1) and
inverses formed in the loop LO(n,1) coincide by (9.1.1).

2. The first sources where the Lorentz boosts appear in the stated
form seem to be [45] and [17]. Benz [13] thus called them Herglotz-
Brill-matrices.

3. In [12] Benz generalizes the preceding theorem to arbitrary
pre-Hilbert spaces.

B. Special Relativity

In special relativity the n -dimensional world2 is described by the
vector space Rn+1. It is an experimentally proved fact that the
speed of light c is the same in every inertial frame. An element
(x, ct) ∈ Rn+1 is referred to as an event . It is interpreted as a
point x in space at a specified time t.

The space Rn+1 carries the quadratic form

Q(x, ct) := (xT, ct) diag(In,−1)
(

x
ct

)
= xTx− (ct)2.

The isometry group of this space is O(n, 1). The form Q induces
the Lorentz-Minkowski-distance d of two events

d(a, b) := Q(b− a), a, b ∈ Rn+1.

The constancy of the speed of light implies that the Lorentz-Min-
kowski-distance of two event a, b measured in inertial frames S,S ′

is the same. A famous theorem of Alexandrov [13; A.6.1, p. 233]
states, that a coordinate transformation is induced by(

x′

ct′

)
= A

(
x
ct

)
+ h, A ∈ O(n, 1), h ∈ Rn+1,

2 In reality, of course, n = 3.
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where x, t are measured in S, and x′, t′ in S ′. By matching the
origins of our coordinate systems we can assume that h = 0. This
way we are left with the group O(n, 1).

Assume now that the frame S moves with constant velocity ṽ
inside S ′, then ṽ ∈ Rn

c . The origin of S has coordinates(
0
ct

)
in S and

(
ṽt′

ct′

)
in S ′,

at time t, t′, respectively. Since we do not allow reversion of time,
we can assume t, t′ > 0. Notice that t = 0 ⇐⇒ t′ = 0 by our
choice of coordinates. Therefore, there exists A ∈ O(n, 1) with

A

(
0
ct

)
=
(

ṽt′

ct′

)
.

Also

−c2t2 = Q

(
0
ct

)
= Q

(
ṽt′

ct′

)
= (ṽTṽ − c2)t′2,

hence
t′ = γt, where γ = γ(v), v =

ṽ
c
.

If we express A according to (9.12), we get

A =
(
S γv
Y γ

)
.

Applying (9.11) and (10.1) there exist B(v1) ∈ LO(n,1) and ω ∈
ΩO(n,1) with A = B(v1)ω. By (9.13)

ω = diag(U,±1) ∈ O(n)×O(1).

Putting this together, we find(
S γv
Y γ

)
= B(v1)

(
U

±1

)
=
(
S ±γ(v1)v1
Y ±γ(v1)

)
.

This implies v = v1 and ω = diag(U, 1). Therefore ω acts only
on the space coordinates. By choosing the respective coordinate
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axes of S and S ′ parallel (and with the same orientation), we can
assume U = In . Then A = B(v) is a Lorentz boost. In this sense,
relativistic velocities of frames are described by Lorentz boosts.

Now assume that there are three frames S,S ′,S ′′ with parallel
respective axes of the same orientation, and matching origins. S
moves inside S ′ with velocity v2 , and S ′ moves inside S ′′ with
velocity v1 . From (10.2) we obtain, the velocity of S inside S ′′ is
given by

v1 • v2 =
v1 + v2

1 + vT
1 v2

c2

+
γ1

1 + γ1

1
c2

v1vT
1 v2 − v2vT

1 v1

1 + vT
1 v2

c2

.

Indeed, the coordinate transformation S to S ′′ is

B(v1)B(v2) = B(v1 • v2) diag(U, 1) for U ∈ SO(n)

where we made use of (10.2).

Notice that the quasidirect product LO(n,1) ×Q

(
SO(n) × SO(1)

)
is the special orthochronous Lorentz group. This is a (normal)
subgroup of index 4 inside O(n, 1), and the connected component
of In+1 . See also remark 1 after (9.17).

In the most interesting case n = 3, the matrix U induces a rotation
of space, called the Thomas rotation.3 See [11] or [116] for explicit
formulas. Also in this case, the “addition formula” can be rewritten
to

v1 • v2 =
v1 + v2

1 + vT
1 v2

c2

+
γ1

1 + γ1

1
c2

v1 × (v1 × v2)

1 + vT
1 v2

c2

.

Here “×” denotes the cross product of R3.

Finally let us emphasize the upshot of this section: The set Rn
c of

admissible velocities together with “•”, the relativistic addition of
velocities, forms a K-loop. This comes about naturally as the left
loop structure of a transversal (the set of boosts) of the coset space
O(n, 1)/

(
O(n)×O(1)

)
.

The credit for the discovery of the fact that (R3
c , •) is a K-loop is

Ungar’s (see [116] and the appendix).

3 It is also called Thomas precession or Wigner rotation.



11. K-loops from the General Linear Groups over
Rings

Let R be a commutative ring with 1, with unit group E := E(R),
and let I be an ideal of R. The set

GLI(2, R) :=
{(

a b
c d

)
; ad− bc ∈ E, c ∈ I

}
clearly forms a group under usual matrix multiplication. If I = εR
is a principal ideal, then we write briefly GLε(2, R).

The Jacobson radical is denoted by J(R).

(11.1) If I is contained in J(R), then for all a, b, c, d ∈ R(
a b
c d

)
∈ GLI(2, R) ⇐⇒ a, d ∈ E and c ∈ I.

Proof. If a, d ∈ E and c ∈ I, then using (1.23) we find

ad− bc =
(
1− bc(ad)−1)ad ∈ (1 + I)E ⊆ E.

Conversely, c ∈ I and ad − bc ∈ E by definition. So there exists
α ∈ E such that

1 = (ad− bc)α = adα− bcα =⇒ adα = 1 + bcα ∈ E by (1.23).

Therefore a, d ∈ E.
From now until the end of this section, assume that R has an
involutory automorphism x �→ x̄. Pick an element ε ∈ J(R) with
ε̄ = ε. Then

G :=
{(

a b
εb̄ ā

)
; aā− εbb̄ ∈ E

}
⊆ GLε(2, R)

is a group with a subgroup Ω := {diag(α, ᾱ); α ∈ E}. Notice that
the map

φ : E → Ω; α �→ diag(α, ᾱ)

H. Kiechle: LNM 1778, pp. 143–150, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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is an isomorphism. Put

M(b) :=
(

1 b
εb̄ 1

)
for b ∈ R.

With F := {α ∈ E; ᾱ = α}, the units fixed under the involutory
automorphism, we have

(11.2) Theorem. Let G, Ω be defined as above, and put L :={
M(a); a ∈ R}. Then

(1) L is a transversal of the coset space G/Ω. In fact, (L, ◦) is a
K-loop, with

M(a) ◦M(b) = M

(
a+ b

1 + εāb

)
, M(a)ι = M(−a) and

dM(a),M(b) = φ(1 + εab̄) for all a, b ∈ R,

where ι denotes the inverse of M(a) with respect to “◦”.

(2) D(L) ∼= (1 + εR)/
(
F ∩ (1 + εR)

)
and E/F ∼= Ω̂ ⊆ AutL .

(3)
[
M(a)

]
:=

{
X ∈ L; δM(a),X = 1

}
={

M(b); b ∈ R, ε(ab̄− āb) = 0
}

for all a ∈ R.
(4) L is a group if and only if ε(a− ā) = 0 for all a ∈ R.
(5) Let R be a domain and ε �= 0. Then Ω̂ �= {1} is a fixed
point free transassociant of L, and F :=

{[
M(a)

]
; a ∈ R

}
is an

AutL-invariant fibration of L.

Proof. (1) For α, b ∈ R with α ∈ E,(
α b
εb̄ ᾱ

)
=
(

1 bᾱ−1

εb̄α−1 1

)(
α 0
0 ᾱ

)
= M(bᾱ−1) diag(α, ᾱ).

By (11.1) the left hand matrix is a general element from G. There-
fore, L is a transversal, since it is easy to see that the given de-
composition is unique. This implies

M(a)M(b) =
(

1 a
εā 1

)(
1 b
εb̄ 1

)
=
(

1 + εab̄ a+ b
ε(ā+ b̄) 1 + εāb

)
= M

(
a+ b

1 + εāb

)
diag(1 + εab̄, 1 + εāb),
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hence M(a)◦M(b) = M

(
a+ b

1 + εāb

)
, M(a)◦M(−a) = M(0) = I2,

and dM(a),M(b) = diag(1 + εab̄, 1 + εāb) = φ(1 + εab̄).

To verify the Bol condition, we take a, b ∈ R, and obtain

M(a)M(b)M(a) =
(

1 a
εā 1

)(
1 b
εb̄ 1

)(
1 a
εā 1

)
=
(

1 + ε(āb+ ab̄+ aā) 2a+ b+ εa2b̄
ε(2ā+ b̄+ εā2b) 1 + ε(āb+ ab̄+ aā)

)
= M

(
2a+ b+ εa2b̄

1 + ε(āb+ ab̄+ aā)

)(
1 + ε(āb+ ab̄+ aā)

)
I2 .

This is an element of LFI2 , since 1 + ε(āb+ ab̄+ aā) is a unit of
R, invariant under x �→ x̄ (see (1.23)). Now FI2 ⊆ Ω is clearly
contained in the center of G, and thus in the core of Ω. From (3.12)
we get that L is a Bol loop.

To see the automorphic inverse property we compute

M(a)ι ◦M(b)ι = M(−a) ◦M(−b)

= M

(−a− b
1 + εāb

)
= M

(
a+ b

1 + εāb

)ι

.

(2) For α ∈ E, a ∈ R, and ω := diag(α, ᾱ) we compute

ω̂
(
M(a)

)
=
(
α 0
0 ᾱ

)(
1 a
εā 1

)(
α−1 0
0 ᾱ−1

)
=
(

1 aαᾱ−1

εāᾱα−1 1

)
= M(aαᾱ−1).

(i)

This immediately implies that CΩ(L) = FI2 . Since φ is an isomor-
phism, we can derive the second assertion from (2.8.6). Moreover,
by (1) we have

{dM(a),M(b); a, b ∈ R} = φ(1 + εR),

and the first assertion follows, as well.
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(3) δM(a),M(b) = 1 ⇐⇒ 1 + εab̄ ∈ F ⇐⇒ ε(ab̄− āb) = 0.

(4) L is a group if and only if D(L) = {1}. By (2) this is equivalent
with 1 + εR ⊆ F, i.e., 1 + εa = 1 + εā for all a ∈ R. Hence the
result.

(5) ε �= 0 implies by (4) that L is not a group, and also Ω̂ �= {1}.
By (2.8.6) and (2.16) Ω̂ is a transassociant. By (i) ω̂

(
M(a)

)
=

M(a) if and only if aαᾱ−1 = a that is a(α − ᾱ) = 0. Since R is
a domain, we can conclude that either a = 0, hence M(a) = I2,
or α = ᾱ. In the latter case, ω = αI2 ∈ FI2 is in the center of G,
hence ω̂ = 1. It follows that Ω̂ is fixed point free.

Now let a, b, c ∈ R with δM(a),M(b) = 1, and δM(a),M(c) = 1. Then

ε(ab̄− āb) = 0 = ε(ac̄− āc) =⇒ ābc̄ = ab̄c̄ = āb̄c

=⇒ bc̄− b̄c = 0.

Thus δM(b),M(c) = 1, and (8.6) shows that F is an AutL-invariant
fibration.

We’ll now give explicit examples and explore some of their proper-
ties. Recall that K[[t]] is a local domain with J(R) = tR if K is
a field by (1.24).

(11.3) Let K be a field, which has an involutory automorphism
η : x �→ x̄. Put R := K[[t]], and extend η to R by η(t) := t.
Construct the K-loop (L, ◦) with ε = t, as in (11.2). We have

(1) G := L ×Q Ω̂ is a Frobenius group with many involutions.
Moreover, charG = 2 ⇐⇒ charK = 2.

(2) If charK �= 2, then L is uniquely 2-divisible and G is a spe-
cific group with charG = 0. Furthermore, D(L) contains no invo-
lutions. In particular, ι �∈ D(L).

Proof. (1) By (11.2.5) and (7.4) G is a Frobenius group. Now let
a ∈ R. We have

M(a) ◦M(a) = M

(
2a

1 + εaā

)
!= I2 ⇐⇒ 2a = 0. (ii)

Therefore L is of exponent 2 if and only if charK = 2. In the case
of charK = 2, (7.12) shows that L has many involutions.
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Assume now charK �= 2. There exists β ∈ K with β̄ �= β. Replac-
ing β by β− β̄ if necessary there is no loss in generality to require
β̄ = −β. Let ω := φ(α), for α ∈ E, then by (i) in the proof of the
preceding theorem we have

ω̂
(
M(a)

)
= M(aαᾱ−1) != M(−a) = M(a)ι ⇐⇒ ᾱ = −α.

Choosing α = β shows ι ∈ Ω̂. If ᾱ = −α, then

αβ−1 = (−α)(−β)−1 = αβ−1.

Therefore α ∈ βF, and ω̂ = ι by (11.2.2). If ω̂ is any involution,
then (αᾱ−1)2 = 1, hence ᾱ = −α, and ι is the only involution
in Ω̂.

For every a ∈ R, the element
(
M(a), ι

)
of G is easily seen to be

an involution. Therefore the involutions act transitively, and G is
a Frobenius group with many involutions.1

(2) First, we show that D(L) contains no involutions, because this
hooks up to the proof of (1). For a ∈ R, we have

1 + εa = 1 + εā = −(1 + εa) ⇐⇒ ε(a+ ā) = −2.

This is impossible, since ε(a + ā) is in J(R), while −2 is a unit.
Therefore the assertion is a direct consequence of (11.2.2) and the
description of ι in the last but one paragraph. Note that an invo-
lution in Ω̂ is necessarily equal to ι.

Next we show that L is uniquely 2-divisible. By (ii) L contains
no element of order 2. Thus (6.8.2) shows that the square map is
injective. To show surjectivity, we must find to every b ∈ R an
element a ∈ R with

2a
1 + εaā

= b (see (11.2.1)). Hence
4aā

(1 + εaā)2
= bb̄.

Rearranging terms, we find the quadratic equation for aā

bb̄ε2(aā)2 + (2bb̄ε− 4)aā+ bb̄ = 0.

1 Compare this with (7.14) and its proof.
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Notice that this equation lives in H[[t]], where H is the fixed field
of η inside K. Of course, H[[t]] is the fixed ring of η in R. The
discriminant of this equation is

(2bb̄ε− 4)2 − 4(bb̄)2ε2 = 16(1− bb̄ε).

By (1.25), this is a square in H[[t]], and

√
1− bb̄ε = 1− 1

2
bb̄ε− 1

8
(bb̄ε)2 − 1

16
(bb̄ε)3 +O

(
(bb̄ε)4

)
.

Note that bb̄ε = 0 +O(t). Therefore one solution ξ (in the field of
fractions of H[[t]]) of the quadratic equation in question is

ξ =
2− bb̄ε− 2

√
1− bb̄ε

bb̄ε2
=

1
4
bb̄+

1
8
(bb̄)2ε+ bb̄O

(
(bb̄ε)2

)
,

and ξ ∈ H[[t]]. (By the way, the other root is not in H[[t]].) Then

a :=
1
2
b(1 + εξ)

does the job, as a straightforward calculation shows.

Finally we show that G is a specific group with charG = 0. In
view of (7.19.2), all we have to show is that the order of M(a) is
infinite for all a ∈ R \ {0}.
For n ∈ N, we’ll show by induction that there exist polynomials
fn, gn ∈ Z[x] such that

M(a)n = M

(
a
(
n+ ξfn(ξ)

)
1 + ξgn(ξ)

)
, with ξ = εaā, (iii)

where M(a)n denotes the n -th power of M(a) in (L, ◦). In fact,
we’ll calculate fn and gn explicitly soon. The case n = 1 is trivial
(f1 = g1 = 0). Using the induction hypothesis and (11.2.1) we can
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compute

M(a)n+1 = M(a) ◦M(a)n = M


a+

a
(
n+ ξfn(ξ)

)
1 + ξgn(ξ)

1 + εā
a
(
n+ ξfn(ξ)

)
1 + ξgn(ξ)


= M

(
a
(
1 + ξgn(ξ) + n+ ξfn(ξ)

)
1 + ξ

(
gn(ξ) + n+ ξfn(ξ)

) )

= M

(
a
(
n+ 1 + ξfn+1(ξ)

)
1 + ξgn+1(ξ)

)
,

where

fn+1 = fn + gn, gn+1 = xfn + gn + n, and f1 = g1 = 0.

This settles the case charK = 0, because from (iii) the order of
M(a) in (L, ◦) is infinity, unless a = 0.

For the rest of this proof, we can assume that p := charK is an
odd prime. Next we prove that for all n ∈ N 2

fn =
	 n−1

2 
∑
k=1

(
n

2k + 1

)
xk−1 and gn =

	 n
2 
∑

k=1

(
n

2k

)
xk−1. (iv)

Indeed, we compute by induction

fn + gn =
	 n

2 
∑
k=1

((
n

2k + 1

)
+
(
n

2k

))
xk−1

=
	 n

2 
∑
k=1

(
n+ 1
2k + 1

)
xk−1 = fn+1

2 �r� := k ∈ Z is defined by k ≤ r < k + 1 for all real numbers r.
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and

xfn + gn + n =
	 n−1

2 
+1∑
k=2

(
n

2k − 1

)
xk−1 +

	 n
2 
∑

k=1

(
n

2k

)
xk−1 + n

=
	 n−1

2 
+1∑
k=1

(
n

2k − 1

)
xk−1 +

	 n
2 
∑

k=1

(
n

2k

)
xk−1

=
	 n+1

2 
∑
k=1

((
n

2k − 1

)
+
(
n

2k

))
xk−1

=
	 n+1

2 
∑
k=1

(
n+ 1
2k

)
xk−1 = gn+1 .

Thus the sequences of polynomials fn, gn given in (iv) solve the
recursion.

Now assume that M(a)n = I2 for some n ∈ N. Since ξ is transcen-
dental over K, we must have n ≡ 0 mod p, and fn = 0. By (iv)
this is only possible if all the binomial coefficients present in fn are
zero. But p is odd and divides n, so n ≥ 3 and by (1.6) there is at
least one non-zero coefficient of fn . Therefore the order of M(a)
is infinite, unless a = 0, in this case as well.

Remarks. 1. The construction in this section is due to Kolb

and Kreuzer [75]. They also suggested to using the ring of formal
power series over the complex numbers, to obtain specific examples.

2. There are lots of fields with an involutory automorphism in any
characteristic, e.g., finite fields of square order.

3. G. Nagy [91] uses the construction of (11.2) with some finite
rings to obtain examples of K-loops of exponent 2 and of order 4n

for arbitrary n ∈ N which are generated by two elements. Hence
the orders of such K-loops are not bounded. This solves the “re-
stricted Burnside problem” for this class of loops.



12. Derivations

The method of derivation is due to Dickson. It has been used
in the past to construct nearfields and later quasifields from fields
and skewfields.1 Karzel [52] axiomatized this method for groups
replacing the skewfield. For an even more general setting see [121;
II.1 p. 66]. Here we give a generalization which applies to con-
structing loops.

A. General Theory

Let G be a group. A map φ : G → AutG; a �→ φa with φ1 = 1
is called a weak derivation. It is called a derivation if furthermore
for all a, b ∈ G there exists a unique x ∈ G such that

xφx(a) = b.

We have

(12.1) Let G be a group with a weak derivation φ. If we let

a ◦ b := aφa(b), then

(1) Gφ := (G, ◦) is a left loop. The identity elements of G and
Gφ coincide. For all a ∈ G the right inverse of a is given by
a′ := φ−1

a (a−1), i.e., a ◦ a′ = 1.

(2) φ is a derivation if and only if Gφ is a loop.

Proof. (1) The unique solution of the equation a ◦ x = b is given
by x = φ−1

a (a−1b).

(2) is obvious.

Gφ is called the derived (left) loop. We shall use this proposition
without specific reference.

Remarks. 1. It is not necessary to assume the image of φ to be
in AutG . The symmetric group of G would do. Derivations in
the present sense have also been called automorphic.

1 For the most general approach and some historic remarks see [112].

H. Kiechle: LNM 1778, pp. 151–164, 2002.
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2. For weaker hypotheses in (12.1.2) if φ maps into a finite group,
see [62; (2.6)].

To distinguish powers in G and Gφ , we denote powers in Gφ by
ak, k ∈ Z , e.g., a3 = a◦ (a◦a). We list a bunch of straightforward
properties.

(12.2) Let G be a group and φ a weak derivation. We have

(1) δa,b = φ−1
a◦bφaφb for a, b ∈ G. Therefore, D(Gφ) ⊆ AutG.

(2) σ ∈ AutG is an automorphism of Gφ if and only if σφaσ
−1 =

φσ(a) for all a ∈ G.
(3) Gφ is left alternative if and only if φa2 = φ2

a for all a ∈ G.
(4) Gφ satisfies the left inverse property if and only if φφ−1

a (a−1) =
φ−1

a for all a ∈ G. In this case a−1 = φ−1
a (a−1).

(5) Gφ is left power alternative if and only if φak = φk
a for all

a ∈ G and for all k ∈ Z.

(6) Gφ is a Bol loop if and only if φa◦(b◦a) = φaφbφa for all
a, b ∈ G. In this case, φ is a derivation.

(7) Gφ is a group if and only if φa◦b = φaφb for all a, b ∈ G. In
this case, φ is a derivation.

Proof. (1) For a, b, x ∈ G, we compute

aφa(b)φaφb(x) = aφa

(
bφb(x)

)
= a ◦ (b ◦ x)

= (a ◦ b) ◦ δa,b(x) = aφa(b)φa◦bδa,b(x).

Rearranging terms gives the result.

(2) For a, b ∈ G we have σ(a ◦ b) = σ(a)σφa(b) and σ(a) ◦ σ(b) =
σ(a)φσ(a)σ(b). These are equal if and only if σφa(b) = φσ(a)σ(b).
Hence the result.

(3) Gφ is left alternative if and only if δa,a = 1 for all a ∈ G. Now
(1) shows the assertion.

(4) For a ∈ G put a′ := φ−1
a (a−1). Then Gφ satisfies the left

inverse property if and only if δa,a′ = 1 for all a ∈ G, by (3.1.1).
Now (12.1.1) and (1) show the result.

(5) Using (6.1.1) and (1), the result can be obtained easily.
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(6) Let Gφ be a Bol loop, then by (6.4.1) and (1) we can compute

1 = δb,aδa,b◦a = φ−1
b◦aφbφaφ

−1
a◦(b◦a)φaφb◦a

=⇒ φbφaφ
−1
a◦(b◦a)φa = 1.

Rearranging terms gives the assertion.

Conversely, for a, b, c ∈ G we find

a ◦ (b ◦ (a ◦ c)) = aφa(b)φaφb(a)φaφbφa(c)

= a ◦ (b ◦ a)φa◦(b◦a)(c) =
(
a ◦ (b ◦ a)) ◦ c.

(3.10) shows that Gφ is a Bol loop, and thus φ is a derivation.

(7) is direct from (2.3) and (1).

Before we proceed with the theory, we give an example, which has
been referred to in previous sections.

(12.3) Let (G,+) be an abelian group, and put φ0 = 1 and φa =
−1 for all a ∈ G∗, i.e., φa(x) = −x. Then

(1) Gφ is a left alternative left Kikkawa loop of exponent 2.

(2) If there exists an element a ∈ G with 2a �= 0, i.e., if G is not
of exponent 2, then Gφ is not a loop. In this case D(Gφ) = {±1}.
(3) If no element of G has order 2, then D(Gφ) is fixed point free.

Proof. (1) By (12.1.1) Gφ is a left loop. Clearly, a ◦ a = 0 for
all a ∈ G, hence (12.2.3) shows that Gφ is left alternative and of
exponent 2. Since a−1 = a for all a ∈ G, the left and automor-
phic inverse properties are trivial. (12.2.1) and (12.2.2) show A� ,
because −1 centralizes every automorphism of G, and φ−a = φa

for all a ∈ G.
(2) Indeed, the equation x ◦ a = a has two solutions, namely 0
and 2a. Moreover, by (12.2.1), δ2a,a = φ−1

a φ2aφa = −1, because
2a ◦ a = a.

(3) is obvious.

Remark. In (3) one gets a Frobenius group Gφ ×Q D(Gφ). How-
ever, this Frobenius group is isomorphic to the semidirect product
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of G with {±1}. Indeed, the map

G→ Gφ ×Q D(Gφ); a �→
{

(0,1) if a = 0
(a,−1) if a �= 0

is a monomorphism, and (0,−1)(a,−1)(0,−1)−1 = (−a,−1).

B. η -Derivations

For an epimorphism η : G→ G , G a group, let

Aη := {α ∈ AutG; ηα = η}.

Before we show how to use this to construct derivations, we record

(12.4) Let G be a group and A a subset of AutG . Let N be
the normal subgroup in G generated by the set {g−1α(g); g ∈ G,
α ∈ A} , and V an arbitrary normal subgroup in G . Then the
following are equivalent

(I) N ⊆ V ;

(II) V is A -invariant and the action of A induced on G/V is
trivial;

(III) For the canonical epimorphism η : G → G/V we have
A ⊆ Aη .

Proof. (I) =⇒ (II): If α ∈ A , then for g ∈ V we have α(g) ∈
gV = V. Hence V is A -invariant. Furthermore, if g ∈ G , then
α(g) ∈ gN ⊆ gV. Thus α(gV ) = gV.

(II) =⇒ (III): For all g ∈ G, α ∈ A we have α(g)V = α(gV ) = gV,
thus g−1α(g) ∈ V. This implies η

(
g−1α(g)

)
= 1, and ηα(g) =

η(g). Hence α ∈ Aη .

(III) =⇒ (I): For all g ∈ G, α ∈ A :

η
(
g−1α(g)

)
= η(g−1)ηα(g) = η(g−1)η(g) = 1.

Therefore g−1α(g) ∈ V, and N ⊆ V .

The following construction gives many derivations.
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(12.5) Theorem. Let G, G be groups, and let η : G→ G be an
epimorphism. For every map ψ : G→ Aη with ψ1 = 1, we have

(1) φ := ψη is a derivation, and for all a ∈ G there exists a map
µa : G→ ker η such that φa(x) = xµa(x).

(2) For all a, b ∈ G and all α, β ∈ Aη we have φα(a)β(b) = φab =
φa◦b . Moreover, for all k ∈ N : φak = φak .

(3) Gφ satisfies the left inverse property if and only if ψu−1 = ψ−1
u

for all u ∈ G if and only if φa−1 = φ−1
a for all a ∈ G. In this case,

φa
−1 = φa−1 .

(4) Gφ is a Bol loop if and only if ψ(uvu) = ψuψvψu for all
u, v ∈ G.
(5) Gφ is a group if and only if ψ is a homomorphism.

Proof. (1) The condition ψ1 = 1 makes sure that φ1 = 1, hence
Gφ is a left loop. For a, b ∈ G, consider the equation xφx(a) = b.
Applying η to both sides, gives η(x) = η(ba−1), and then x =
bφba−1(a−1). This is indeed a solution, since

φx = φ
(
bφba−1(a−1)

)
= ψ

(
η(b)η

(
φba−1(a−1)

))
= ψ

(
η(b)η(a−1)

)
= ψη(ba−1) = φba−1 .

Therefore x = bφba−1(a−1) is the unique solution of the equation
in question.

For the last assertion, let a, x ∈ L. By (12.4) x−1φa(x) ∈ ker η.
This gives the result.

(2) φα(a)β(b) = ψ
(
ηα(a)ηβ(b)

)
= ψ

(
η(a)η(b)

)
= φab . Since a ◦ b =

aφa(b), the second equation now follows. This also implies the last
statement.

(3) comes directly from (12.2.4).

(4) Assume ψ(aba) = ψaψbψa for all a, b ∈ G. Using (2) we can
compute

φa◦(b◦a) = φaba = ψ
(
η(a)η(b)η(a)

)
= ψη(a)ψη(b)ψη(a) = φaφbφa.

By (12.2.6) Gφ is a Bol loop. The converse is a consequence of a
similar calculation and again (12.2.6).
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(5) From (12.2.7) and (2) the result can be deduced easily.

Derivations constructed as in the theorem are called η -derivations
with factorization φ = ψη . Note that the factorization is not
unique. The map µ : G → (ker η)G is called the obstruction of φ
corresponding to η. It is unique given η, and it factors through η,
more precisely: There exists a map ν : G → (ker η)G such that
µ = νη. This will be called the factorization of µ. If G is abelian,
then the µa are homomorphisms. This gives a way to construct
η -derivations on abelian groups.

(12.6) Let G, G be abelian groups, and let η : G → G be an
epimorphism with U := ker η. Let ν : G → Hom(G,U) be a map
such that for all a ∈ G, v ∈ G,

ν1(a) = 1, and U ⊆ ker νv.

Put µ := νη, and φa := 1+µa for all a ∈ G (i.e., φa(x) = xµa(x)
for all x ∈ G). Then φ is an η -derivation with corresponding
obstruction µ. Moreover, we have

(1) Let a ∈ G. If µa(a−1) = 1, then a−1 = a−1.

(2) If a−1 = a−1, for all a ∈ G, then Gφ satisfies the automorphic
inverse property if and only if µa = µa−1 for all a ∈ G.
Proof. Let a ∈ G. Clearly, φa is an endomorphism of G. We
first show that φa is bijective: For b ∈ G put x := bµa(b−1). We
compute

φa(x) = xµa(x) = bµa(b−1)µa

(
bµa(b−1)

)
= bµa(b−1)νa

(
η(b)ηµa(b−1)

)
= bµa(b−1)νa

(
η(b)

)
= bµa(b−1)µa(b) = b.

Therefore φa is surjective.

Let x ∈ G be in the kernel of φa, i.e., 1 = φa(x) = xµa(x). This
implies

x = µa(x)−1 ∈ U, and so µa(x) = 1.

Thus φa has trivial kernel and is injective.

Now ηφa = η(1 + µa) = η + ηµa = η. Therefore φa ∈ Aη, and
(12.5.1) shows the result.
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(1) is direct from (12.2.4).

(2) a−1 ◦ b−1 = a−1φa−1(b−1) = a−1φa(b−1) = (a ◦ b)−1.

Remarks. 1. The group G does not play an essential role in
the construction of η -derivations. It can always be replaced by
G/ ker η.

2. The definition of η -derivations was inspired by Andrè [3] and
Lüneburg [86; p. 53f].

3. η -derivations have been used in [21] and [23] to construct Bol
quasifields from fields.

Let G be an abelian group with a subgroup U and a map µ : G �→
Hom(G,U). The pair (U, µ) will be called a derivation sprout on
G if µ factors through the canonical epimorphism η : G → G/U,
i.e., there exists a map ν : G/U → Hom(G,U) such that µ = νη.
Moreover, we require that for all a ∈ G

µ1(a) = 1 and U ⊆ kerµa.

Notice that this is exactly what we looked at in the preceding
theorem. Hence by φa := 1 + µa for all a ∈ G, we obtain a
derivation, the derivation corresponding to (U, µ).

We remark that φ determines µ by (12.5.1), while U is not unique
in general, i.e., there might be distinct subgroups U,U ′ of G such
that (U, µ), (U ′, µ) are both derivation sprouts on G. The corre-
sponding derivations are of course the same.

(12.7) Let φ be an η -derivation with factorization ψη on a group
G , and let σ ∈ AutG . We have

(1) If σ ∈ Aη , then σ ∈ AutGφ ⇐⇒ ∀a ∈ G : σφaσ
−1 = φa , i.e.,

σ centralizes φ(G) .

(2) If Aη is abelian, then Aη ⊆ AutGφ, and Gφ is an A� -loop.

Proof. (1) The condition ησ = η implies φσ(a) = φa . Now (12.2.2)
shows the assertion.

(2) comes directly from (1) and (12.2.2).
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C. Examples

As a major application, we give a generalization of Kreuzer’s
construction [79; (3.5)] of a left power alternative Kikkawa loop,
which is not Bol. By (6.9) such a loop cannot be 2-divisible. In
fact we can give some more examples to show independence of
various axioms.

Let G, H be (additively written) abelian groups with the following
properties. Assume G has a subgroup T of index 2, and T contains
an element t of order 2. Let α be the endomorphism of G with
kernel T and image U := {0, t}. These properties determine α
uniquely. More specific

α :


G→ G

x �→
{

0 if x ∈ T ;
t if x ∈ G \ T .

Groups G with these properties are easy to find, in fact every finite
abelian group with order divisible by 4 does the job. For a subset
M of H with 0 �∈M put

µ(a,b) :=
{
α× 0 if (a, b) ∈ T ×M ;
0× 0 if (a, b) ∈ G×H \ T ×M.

Recall that 0 denotes the zero homomorphism. Notice that µ(a,b)

can be viewed as an element of Hom
(
G×H, T × {0}).

(12.8) With the notation just introduced, (T ×{0}, µ) is a deriva-
tion sprout on G×H. Let φ be the corresponding derivation, then
L := (G×H)φ is an A� -loop.

(1) L is a Kikkawa loop if and only if M = −M.

(2) L is left alternative if and only if 2b �∈M for all b ∈ H.
(3) L is a left power alternative Kikkawa loop if and only if
M = −M and for all b ∈ H, n ∈ N,

nb ∈M ⇐⇒ n is odd and b ∈M.

(4) L is a Bol loop if and only if 2H +M = M. These conditions
imply that L is a K-loop.
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(5) L is a group if and only if M = ©� .

Proof. The construction guarantees that (T×{0}, µ) is a derivation
sprout. By (12.6) and (12.7.2) L is an A� -loop.

Before we go into the other proofs, we put down two useful prop-
erties of φ :

|1 + α× 0| = 2 hence for all x, y ∈ L :

φx = φ−1
x and δx,y = φx+yφxφy . (i)

Indeed, the first statement follows from the obvious fact that 2α =
α2 = 0, and implies the second. The third comes from (12.2.1),
(12.5.2) and the second statement.

(1) Assume M = −M. For (a, b) ∈ L we have

µ(a,b)(−a,−b) = (0, 0), since α(−a) = 0 if a ∈ T.

From (12.6.1) we get (a, b)−1 = −(a, b). The hypotheses ensure us
that

−(T ×M) = T ×M, so µ−(a,b) = µ(a,b).

Thus (12.6.2) implies that L satisfies the automorphic inverse prop-
erty. Moreover,

φ−1
(a,b) = φ(a,b) = 1 + µ(a,b) = 1 + µ−(a,b) = φ−(a,b).

Thus by (12.5.3) L satisfies the left inverse property and is there-
fore a Kikkawa loop.

Conversely, if there exists b ∈M with −b �∈M, then

φ(0,b) = 1 + α× 0, while φ(0,−b) = 1.

Therefore (12.5.3) shows that L does not satisfy the left inverse
property, and so is not a Kikkawa loop.

(2) For all x = (a, b) ∈ L we find

δx,x = φ2xφxφx = φ(2a,2b) = 1 ⇐⇒ 2b �∈M,
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because 2a ∈ T. Since δx,x = 1 for all x ∈ L is equivalent with
the left alternative property, we are done.

(3) Let L be a left power alternative Kikkawa loop. From (1) we
get M = −M.

If b ∈ H, n ∈ N constitutes a counterexample to the displayed
condition, assume that n is minimal. By (2), n > 1. Put x := (0, b)
and observe that for all k ∈ N

φkx �= 1 ⇐⇒ φkx = 1 + α× 0 ⇐⇒ kb ∈M

A previous remark and (6.1.1) give

φ(k+1)xφxφkx = δx,xk = 1 for all k ∈ N.

Assume first nb ∈M, then n is even, or b �∈M. If b �∈M, then

1 = δx,x
n−1 = φnxφxφ(n−1)x = φnxφ(n−1)x =⇒ (n− 1)b ∈M.

Since n was minimal, we must have b ∈M, a contradiction. There-
fore b ∈ M. If n were even, then n − 1 would be odd and so
(n − 1)b ∈ M. But this implies δx,x

n−1 �= 1, a contradiction as
well.

Therefore we see that nb �∈ M. This implies b ∈ M and n odd,
because we are looking at a counterexample. Since n − 1 is even
and satisfies the displayed condition, we find (n − 1)x �∈ T ×M,
and

δx,x
n−1 = φnxφxφ(n−1)x = φx �= 1,

the final contradiction. We conclude that there cannot exist a
counterexample, thereby proving one direction.

For the converse, we see from (1) that L is a Kikkawa loop. Thus
it remains to show that L is left power alternative. By (6.3), it
suffices to prove for all x = (a, b) ∈ L, and n ∈ N

φ(n+1)xφxφnx = δx,xn
!= 1.

Assume first that φnx �= 1, then nx = (na, nb) ∈ T ×M, and the
assumptions imply that n is odd, and b ∈M. Since T is of index 2,
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we also must have a ∈ T. Therefore φx = 1+α×0 = φnx. Finally,
n + 1 is even, so (n + 1)b �∈ M and φ(n+1)x = 1. Consequently,
δx,xn = 1 in this case.

Now for the case φnx = 1 : If φ(n+1)x �= 1, then we can conclude
as in the first case that n+1 is odd, and φx = 1+α×0 = φ(n+1)x,
which entails the assertion.

So we are left with φ(n+1)x = φnx = 1. If a �∈ T, then φx = 1
by definition. If a ∈ T, then also na, (n + 1)a ∈ T. Therefore
nb, (n+ 1)b �∈M. One of n and n+ 1 is odd, and the assumptions
imply b �∈M. Therefore φx = 1, as well.

Summing up, we have seen that δx,xn = 1 for every x ∈ L.
(4) From (12.2.6), (12.5.2), and (i) we see that L is Bol if and only
if

φ2x+y = φx+y+x = φxφyφx = φy for all x, y ∈ L.
Let x = (a′, b′), y = (a, b) ∈ G × H. Since 2a′ ∈ T, we have
2a′ + a ∈ T ⇐⇒ a ∈ T. Therefore, L is Bol if and only if

2b′ + b ∈M ⇐⇒ b ∈M for all b, b′ ∈ L.

This implies 2H+M ⊆M. Since trivially M ⊆ 2H+M, we obtain
2H +M = M if L is Bol.

For the converse, assume 2H +M = M and let b, b′ ∈ H. We get

b ∈M =⇒ 2b′ + b ∈M

and
2b′ + b ∈M =⇒ b = 2(−b′) + 2b′ + b ∈M.

As we have seen, this implies Bol.

If b ∈ M, then −b = 2(−b) + b ∈ M, and L is a Kikkawa loop,
by (1). Hence the last assertion.

(5) If M = ©� , then φx = 1 for all x ∈ L, and L = (G×H,+) is
a group.

From (12.5.5) one easily sees that if L is a group, then φ is a
homomorphism. If M �= ©� , then kerφ = G ×H \ T ×M would
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be a proper subgroup of G × H. This is not the case, since for
a ∈ G \ T we have 2a ∈ T.
There are examples for most of the possible combinations of axioms
in the preceding theorem. All of the examples can be modified in
many ways. We leave it to the reader to construct her favorite.
The phrase “leads to” means using the construction of the preced-
ing theorem with this H and M gives a loop with the specified
properties.

(12.9) We continue to use notation introduced just before the pre-
ceding lemma.

(1) H := Z3, M := {2}, leads to an A� -loop which is not a
Kikkawa loop, and not left alternative.

(2) H := Z8, M := {1}, leads to a left alternative A� -loop which
is not a Kikkawa loop.

(3) H := Z3, M := {1, 2}, leads to a Kikkawa loop which is not
left alternative.

(4) H := Z, M := {1,−1}, leads to a left alternative Kikkawa
loop which is not left power alternative.

(5) H := Z4 × Z4, M := {(1, 2), (3, 2)}, leads to a left power
alternative Kikkawa loop which is not Bol.

(6) H any abelian group, M := H \ 2H, leads to a K-loop, which
is a group if and only if H = 2H. Examples with H �= 2H are any
finite abelian group of even order, H := Z, etc.

Proof. (1), (2), and (3) are clear in view of (12.8).

(4) Conditions (1) and (2) of (12.8) are satisfied. Now 1 ∈M, 3 �∈
M shows that the displayed condition of (12.8.3) is not true.

(5) Clearly, −M = M. Let (b1, b2) ∈ H, n ∈ N, then

n(b1, b2) = (nb1, nb2) ∈M =⇒ nb1 ∈ {1, 3} =⇒ n, b1 odd,

and nb2 = 2 with odd n implies b2 = 2. Therefore (b1, b2) ∈ M.
The converse is easy.

By (12.8.3) we are looking at a Kikkawa loop. We have 2(1, 1) +
(1, 2) �∈M, hence (12.8.4) shows that this loop is not Bol.
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(6) Let b, b′ ∈ H, then 2b′ + b ∈ 2H ⇐⇒ b ∈ 2H, since 2H
is a subgroup of H. This cannot be the case if b ∈ M, hence
2H+M ⊆M. The other inclusion is trivial, so (12.8.4) shows that
we are looking at a K-loop. The rest is clear in view of (12.8.5)
and well-known properties of abelian groups.

Remarks. 1. Example (5) is Kreuzer’s [79; (3.5)]. He makes a
slip in setting up his conditions. More specific, his (ii) is too weak.
Indeed, this condition holds for our example (4), which is not left
power alternative. However, all of Kreuzer’s examples, namely
(5), H = R∗, M = {−1}, and H = Q, M = {22k+1; k ∈ Z}, do
satisfy the condition in (12.8.3). Therefore they qualify for (5).

2. H := Z8, M := {1,−1}, gives a finite example for (4).

In the construction of (12.6), if U has a complement in G, then
we get a particularly simple setup.

(12.10) Let G be an abelian group with a subgroup U which has
a complement V, i.e., G = U ⊕ V. Every map ν : V → Hom(V,U)
with ν0 := 0 can be extended to a map µ : G→ Hom(G,U) if we
put for every a ∈ G

µa(u+ v) := νw(v), if a ∈ w + U, u ∈ U, v ∈ V .

(1) (U, µ) is a derivation sprout on G. Let φ be the corresponding
derivation.

(2) If G is an elementary abelian 2-group, then Gφ is a Bol loop.
Gφ is of exponent 2 if and only if νv(v) = 0 for all v ∈ V.
Proof. µ is well-defined, since G = U ⊕ V .

(1) By construction µ factors through the canonical epimorphism
G→ G/U. Clearly, µ0 = 0, and U ⊆ kerµa for all a ∈ G.
(2) For all a, b ∈ G we have

φaφb = (1 + µa)(1 + µb) = 1 + µa + µb + µaµb = 1 + µa + µb,

since µaµb(G) ⊆ µa(U) = 0. This implies φaφb = φbφa and
φ2

a = 1. Using this and (12.5.2) we can compute

φa◦(b◦a) = φa+b+a = φb = φaφbφa,
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hence Gφ is Bol by (12.2.6). For the last assertion let a = u + v
with u ∈ U, v ∈ V. We find

a ◦ a = a+ φa(a) = a+ a+ µa(a) = µa(a) = νv(v).

So a ◦ a = 0 if and only if νv(v) = 0.

Remarks. 1. Part (1) has a converse: Namely, if (U, µ) is a
derivation sprout, then a corresponding map ν can be found, which
gives µ as in the theorem. The details will be left to the reader.

2. The map ν is very closely related to the map with the same
name in (12.6).

Collected from the literature, here are some more

Examples. 1. [15] G = Z3
2 = Z2 ⊕ Z2

2 , and νw : Z2
2 → Z2;

(x, y) �→ w1w2y , where w = (w1, w2).

2. [100; Ex. 2] as above, but νw(x, y) = w1(w2 + 1)y .

3. [77] G = Z4
2 = Z2 ⊕ Z3

2 , and νw : Z3
2 → Z2; (x, y, z) �→

w1w3y + w1w2z , where w = (w1, w2, w3).

The last two examples are of exponent 2, the first one is not.

The next example is a derivation, which is not an η -derivation. It
gives a group if and only if R is associative.

4. [101] (dual to original) φa =


1
0 1
a2 0 1
0 a2 0 1
a4 0 a2 0 1

 , a ∈ R5,

where R is an alternative division ring. As mentioned earlier, this
example has the property that all its loop isotopes are isomorphic,
i.e., it is a G-loop.

In [103] Robinson gives a more general method to get Bol loops,
which applies to certain subsets of a group. He proved that every
Bol loop can be obtained in his manner. Unfortunately, Robin-

son’s approach is not constructive, there is no indication how the
group, the subset and the “generalized derivation” should be cho-
sen.



Appendix: Some Remarks on the History

Quasigroups implicitly occured already when Euler conjectured
the non-existence of certain mutually orthogonal Latin squares in
1782. However, Euler and his followers had a combinatorial point
of view when studying Latin squares. It is very unlikely that they
recognized an algebraic interpretation such as quasigroups.

The first instance, where a non-associative loop occurs is proba-
bly the multiplicative loop of the non-zero “Cayley numbers” or
“octonions”. Graves was the first to give a construction in 1843,
only two months after Hamilton’s discovery of the quaternions.
Hamilton noted in 1844 that the multiplication was not associa-
tive. These results were published in 1848. In the meantime, Cay-

ley, independently, found and published his construction. See [30;
Ch. 9] for more historical details. Recall that the Cayley num-
bers O are alternative, i.e.,

a · ab = aa · b and ba · a = b · aa for all a, b ∈ O,

which can be viewed as a weak form of the associative law. Ac-
cording to Zorn [126], Artin conjectured the alternative property
for O and considered it a substitute for associativity. This took
place in the 1920’s.

Dickson introduced in [28] what is now called “semifields” or
“(non-associative) division rings”, which also have a loop as the
multiplicative structure, but this time without weak associativity.
In that way he provided examples of loops, which are not Moufang.
His paper seems to be the first instance where the axioms for a loop
showed up rather explicitly. Actually, already the title of the paper
hints at those axioms.

All these examples have in common that the loops are not the main
concern. They merely show up as the multiplicative structure of an
algebraic system with two binary operations. Moufang was the
first to strip off the additive structure. In her famous paper [90]
she derived from results of Zorn [126] that the alternative law in
an algebra implies the Moufang identities

a(b · ac) = (ab · a)c and (ca · b)a = c(a · ba)
ab · ca = (a · bc)a and ab · ca = a(bc · a).

H. Kiechle: LNM 1778, pp. 165–170, 2002.
c© Springer-Verlag Berlin Heidelberg 2002
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Then she considered loops satisfying these identities, now called
Moufang loops,1 and she proved

Moufang’s Theorem. Every Moufang loop is di-associative, i.e.,
any two elements generate a subgroup.

This seems to be the first structure theorem in loop theory. Bol

[15] observed that the first Moufang identity implies the third and
forth, and Bruck [18] showed that they are all equivalent, see [20;
VII, Lemma 3.1, p. 115] for a proof. Since the Moufang identities as
displayed above, consist of two identities and their respective duals,
the class of Moufang loops is self-dual , i.e., a loop is Moufang if
and only if its dual is. As a consequence every identity proved for
all Moufang loops entails its own dual.

It seems interesting to note that Moufang in her paper gave a
definition which in modern terms is a “Bol loop with the right
inverse property”. In particular, she used the Bol identity.

Blaschke studied—in the framework of differential geometry—
families of curves on surfaces in the 1920’s. He inspired Reide-

meister [97] and Thomsen [111], and later Bol to study abstract
“3-nets” or “webs” in the way Hilbert has developed his founda-
tions of geometry. Results of this research were collected in [14].

In 1937 Bol discussed certain configurations in 3-nets. 3-nets can
be constructed from groups, and Thomsen [111] showed that a
3-net comes from a group if and only if the “Reidemeister config-
uration” is valid. Bol [15] showed that certain weaker forms of
the Reidemeister configuration lead to Moufang and to Bol loops.
In the appendix to [15], he showed by example that there exist
Bol loops which are not Moufang. Bol attributed this example to
Zassenhaus.

A Bol loop is Moufang if and only if it is also right Bol. This
statement is already in [15], and implicitly in [90]. The existence
of proper Bol loops2 therefore shows that the class of Bol loops is
not self-dual.

A Moufang loop is a K-loop if and only if it is commutative. This

1 She called them “quasigroups”.
2 “Proper” here means not Moufang.
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follows easily from Moufang’s theorem. In [15] there is an example,
probably the first, for a commutative Moufang loop, which is not
a group. Bol attributed this also to Zassenhaus.

The theory of Moufang loops, and in particular of commutative
Moufang loops has been developed rather deeply by Bruck, see
[18] and his book [20]. The theory of finite Moufang loops culmi-
nates in the classification of all simple ones by Liebeck [85]. Of
course, this is built upon the classification of finite simple groups.

Bruck himself gave a satisfying structure theory for commuta-
tive Moufang loops. See also the follow-up [110] by Smith, which
contains Bruck’s contributions and many interesting applications.
We mention briefly one of them.

Manin describes in [87; Ch. I] how the well-known construction of
the “group law” on an elliptic curve can be generalized to cubic
hypersurfaces. The outcome is a commutative Moufang loop.

As another application, Moufang loops play a role in the construc-
tion of the Monster sporadic finite simple group. This is described
in [6].

The theory of K-loops is thus a continuation of this work, although
not as far developed yet.

The notion of a K-loop occurs already in [20], unnamed though.
[20; VII Thm. 5.2, p. 121] says that if the “core”3 of a Moufang
loop is a quasigroup, then this core is isotopic to a K-loop. Bruck

also gives a construction which applies to certain Moufang loops,
see §6, in particular (6.14).

The systematic study of Bol loops has been started by Robinson

in his thesis [99], which was published in [100]. His main results are
displayed and partially generalized in §2 and §6. He also gave some
results on K-loops, (6.12) and (6.13). Glauberman [40] studied
certain K-loops, and obtained for his special case—among others—
the theorem that these K-loops are A � -loops. The general result,
which is crucial to the theory, has been proved independently in
[34; 5.1], in [41; 3.12], and in [80], see also the remark after (6.6).

Robinson and Glauberman as well as Kepka [57] give some

3 This is not related to the core of a subgroup as defined in §1.
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examples of (mostly finite) K-loops.

In the literature K-loops have also been called Bruck loops, but
note that some authors require the additional property that the
loop be uniquely 2-divisible. We’ll explain later how these loops
came by their present name.

In 1939 Baer [8] introduced the left loop structure on transversals
of subgroups in groups. It was later proposed again by Sabinin

[105], [106]. Sabinin also introduced the transassociant and the
quasidirect product. In 1994 Kreuzer and Wefelscheid [81]
pinned down the properties a transversal must have to give a K-
loop. These properties are used in §§9,11 to construct examples.

Kikkawa [67] asked the question whether a reductive homogeneous
space, which carries a “geodesic local multiplication” µ can be
equipped with a global multiplication, coinciding locally with µ.
He showed that a “homogeneous Lie loop” L is always a reductive
space with a geodesic local multiplication. If L is a Kikkawa loop,4

then µ is induced from the multiplication of the loop. One can show
that Lie Kikkawa loops are in fact K-loops. Moreover, Kikkawa

develops a purely algebraic theory for Kikkawa loops, which are
one subject of this book.

Kikkawa’s approach to questions in differential geometry was con-
tinued and enhanced by Sabinin and his school. Results are col-
lected in the recent book [107].

K-loops also play a role in the algebraization of absolute geometries.
See [55] for an overview.

The original notion of a K-loop evolved from the study of neardo-
mains F. In [53] Karzel showed that the set

T2(F ) := {x �→ a+ bx; a, b ∈ F, b �= 0}

forms a sharply 2-transitive group in its natural action on F. And
he showed the converse: every sharply 2-transitive group can be
obtained this way. This is worked out in §7.D, see also [121; V §§1,2]
for a different approach. Karzel [54] gives a historically motivated

4 This is our terminology, Kikkawa called them “symmetric loops”.
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account on the connection between nearfields, neardomains and
K-loops. Sharply 3-transitive groups can similarly be described
by special neardomains, called “KT-fields”. Sharply k -transitive
groups for k ≥ 4 have been long classified, see e.g. [93].

All presently known neardomains have associative addition, i.e.,
are nearfields. In order to settle the question whether proper near-
domains exist, Kerby and Wefelscheid extracted the following
conditions for the additive loop of a neardomain: (F,+) satisfies
the left and automorphic inverse properties, the precession maps
are automorphisms (i.e., F is a Kikkawa loop), and δa,b = δa,b+a

for all a, b ∈ F. Kerby and Wefelscheid called a loop with these
properties a K-loop.5 However, they have used this notion only in
talks in the 1970’s and beginning 1980’s, there doesn’t seem to be
a published source of that time. Kist [74; (1.8), p. 13] was proba-
bly the first who realized that K-loops in the above sense are Bol
loops. Kreuzer’s theorem [80], see (6.7), shows that Bol loops
with automorphic inverse property are K-loops. Only then it was
clear that the older notion of a Bruck loop was the same as the
notion of a K-loop.

In his thesis [35] Gabriel introduced specific groups. Gabriel’s
definition axiomatizes some properties of the subgroup of a sharply
2-transitive group, which is generated by the involutions. We gen-
eralize this notion, while keeping its flavor. In particular, every
sharply 2-transitive group of characteristic �= 2 is a specific group
of the same characteristic, and so is every subgroup, which contains
all the involutions.

The set of admissible velocities R3
c := {v ∈ R3; |v| < c}, where c

is the speed of light, together with the relativistic velocity addition
forms a K-loop. This has been proved by Ungar (cf. [115, 116,
117]). Encouraged by Ungar’s discovery, many K-loops have been
constructed in recent years (see, e.g., [48, 49, 56, 64, 75, 76, 77,
78, 79, 81]). In case of Ungar’s example R3

c , the precession maps
are the “Thomas precessions” or “Thomas rotations” of special
relativity, hence the name precession map.

The first published source, where the name “K-loop” has been men-

5 The “K” is used in honor of Karzel.
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tioned is the introduction of Ungar’s paper [116]. Indeed, when
Wefelscheid got the submitted paper in his hands in 1988, he
immediately realized that the conditions Ungar has found for the
relativistic velocity addition match the properties Kerby and We-

felscheid had extracted from the axioms of a neardomain to form
the working definition “K-loop”. Due to the lack of good exam-
ples Kerby and Wefelscheid did not publish their results, and
the subject felt dormant until 1988. Wefelscheid immediately
answered Ungar, telling him in a letter that his discovery also
was significant for the field of neardomains and sharply 2-transitive
groups, and that he actually found a K-loop. In particular, We-

felscheid pointed out the relevance of the unique solvability of
the equations ax = b and ya = b, which Ungar then included
into his paper. In later publications, Ungar choose to call these
structures gyrocommutative gyrogroups (see [119] for more). As
mentioned earlier Ungar’s paper gave a decisive impetus to the
subject.
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Index

Mathematical symbols which do not fit naturally into an alphabetical order,
are placed at the beginning of the index.

〈 . 〉, 7
ĝ, 7
S#, 7, 23
| . | (cardinality of a set), 7
— (order of loop elem.), 7, 65
— (absolute value), 12

[a, b], 8
0, 8
1, 8
PS , 8
R(i), 12
Km×n, 14
Kn, 14
XT, 14
X∗ (hermitian conjugate), 14
R∗ (= R \ {0}), 12
Rtot, 13
‖ . ‖ (norm), 14
K[[t]], 22
an, 23
L×Q T , 38, 40
( . , β, γ) (∈ Top), 54
a

k
n , 75
Gφ, 151
ak, 152

A-loop, 35
A�, 35
— -left-loop, 35
— -loop, 35
Albert, 27
Alexandrov, 140
alternative, 165

—, left, 24
—, left power, 24, 65
—, right, 24
Andrè, 157
Artin, 165
Artzy, 61
associative, 26
— law, 24

Aut(P,L), 10
Aut(P,L, ‖), 11
automorphic, 151
— inverse property, 1, 24, 47, 72

automorphism, 10, 11, 26
—, inner, 7
— group, inner, 8

autotopism, 53

Baer, 168
Belousov, vii, 3, 56, 57
Benz, 140
Betsch, 88
Blaschke, 166
B-loop, 77
Bol, 166, 167
Bol, 24, 49
— identity, 2
— —, right 2
— loop, 1
Bourbaki, 23
Bruck, vii, 4, 23, 27, 80, 166, 167
Bruck loop, 72, 168
Burn, 71
Burnside problem, restricted, 150
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CU (centralizer), 7
χ, 38
— -invariant, 38
Cayley, 165
Cayley numbers, 165
center, 8, 62,
centralizer, 7,
char, 91, 99
characteristic, 91, 94, 100
Clay, 88
commutative, 2
commutator, 8
companion, 55
congruous, 34
core, 10
—free, 10

coset space, 27, 31
cross section, 31

∆k, 19
δa,b, 25
D(L), 25
da,b, 28, 30
DG, 110, 116
derivation, 151
—, η-, 156
— corresponding to, 157
— sprout, 157
—, weak, 151

derived (left) loop, 151
Dickson, 151, 165
di-associative, 166
dilatation, 11
direct decomposition, 28
n-divisible, 75
—, uniquely, 75

dot-convention, 1, 24
Drisko, 57

dual, 2
— of an identity, 2
— operation, 2
—, self- 2, 166

ek, 20
embedded, half, 79
embedding, half, 79
equivalence, 9
—, induced, 9

equivalent, 9
euclidean, 12
Euler, 165
event, 140
exponent, 8, 67

FH , 133
factorization, 156
faithful, 9
Ferrero pair, 85
fiber, 133
—ed incidence loop, 103
—ed loop, 103

fibration, 85, 103
— generating, 132

Fix, 9
fixed point, 9
— — free, 9, 25, 88

formal power series, 22
frame, inertial, 140
Frobenius, 88, 105
Frobenius complement, 88
— group, 85
— kernel, 88
Funk, 72

G
(n)
τ,J , 118
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Gabriel, 4, 99, 101, 102, 169
Gabrieli, 5, 83, 136
G-loop, 56
GL (over a ring), 143
Glauberman, 4, 73, 77, 79,

80, 81, 167
Goodaire, 72
Graves, 165
group, 26
—, orthogonal, 19
—, periodic, 49
—, permutation, 9
—, pseudo-orthogonal, 121
—, pseudo-unitary, 121
—, specific, 99, 169
—, symmetric, 8, 25, 53
—, symplectic, 120

groupoid, 23
gyrogroup, 71, 170
—, gyrocommutative, 170

H(n,K), 14
half embedded, 79
— embedding, 79
Hamilton, 165
Herglotz-Brill-matrices, 140
Hilbert, 166
Hom, 8

In, 14
identity, 23
Im, 83, 117, 118
incidence loop, 103
— space, 10, 103
— — with parallelism, 11
— structure, 10

inertial frame, 140

inner automorphism group, 8
inner mapping, left, 25
— —, right, 35
— — group, left, 25

integers, 7
invariant, 103
inverse, 23
— property, left, 24, 43
— property, right, 24
—, left (right), 23

involution, 7
—s, many, 90

isomorphism, 10
isotope, 53
—, principal, 53

isotopism, 53
—, principal, 53

J(R) (radical), 22, 143
J (involutions), 90
Jacobson radical, 22
Johnson, 47, 64
Jones, 42, 47

κ, 17, 73, 77, 107
Karzel, 5, 83, 85, 94, 136,

151, 168, 169
Kepka, 167
Kerby, 94, 169, 170
ker, 7
kernel, 7
Kiechle, 109
Kikkawa, 48, 75, 85, 118, 168
Kikkawa loop, 47
— left loop, 47
Kinyon, 42, 47, 51, 61, 71, 85
Kist, 76, 169
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K-loop, 1, 24, 72, 169
—, weak, 35
Ko, 83
Kolb, 5, 105, 150
Konrad, 109
Kreuzer, 3, 5, 48, 72, 75, 79,
80, 105, 150, 158, 163, 168, 169

KT-field, 94, 169

LG, 18
λa, 23
L(a,b), 53
L(F), 103
Lagrange, 71
left alternative, 24
— inner mapping, 25
— — — group, 25
— inverse property, 24, 43
— loop, 24
— — structure, natural, 37
— multiplication group, 25
— power alternative, 24, 65
— translation, 23
Liebeck, 167
line, 10
linear space, 10
loop, 1, 24
—, derived, 151
—, fibered, 103
—, left, 24
—, right, 24
— with fibration, 103

Lorentz group, 5
— boost, 5, 137
— -Minkowski-distance, 140
Lucas, 11
Lüneburg, 157

M�, 25
M,Mr, 27
magma, 23
Manin, 167
many involutions, 90
Moufang, 165, 166
Moufang identities, 165
— loop, 166
—’s Theorem, 166

multiplication group, 27
— —, left, 25
— —, right, 27

N, 7
N�,Nm,Nr, 59
Nagy, G., 150
Nagy, P., 72
natural left loop structure, 37
— numbers, 7
— permutation representation,

10, 35
neardomain, 92, 168
—field, 92, 169
—ring, 88

nucleus, left, 59
—, middle, 59
—, right, 59

ΩG, 18
O(tn), 22
O(n,R), 19
O(p, q), 121
O(p)×O(q), 123
obstruction, 38, 156
octonions, 165
operation, 1
—, dual, 2
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order, 7, 65, 67
—ed, 12
—ing, 12

orthogonal group, 19

πi, 54
Ψ(L), 55
Paige, 72
parallelism, 10
periodic group, 49
permutation, 8
— group, 9
— representation, 8
— —, natural, 10, 35
Pflugfelder, vii
Pickert, vii, 71
point, 9, 10
polar decomposition, 17
power alternative, left, 24, 65
— associative, 67
— series, formal, 22

precession map, 25, 169
prime field, 94
principal isotope, 53
— isotopism, 53

projection, 54
pseudoautomorphism, 55
—, right, 55

pseudo-orthogonal group, 121
pseudo-unitary group, 121
pythagorean, 12

Q, 7
quasidirect product, 40
quasigroup, 1
quaternions, 119, 165

R(i), 12
�a, 23
Rn

c , 137
rationals, 7
real closed, 13
— closure, 13
—, n-, 14
—, totally, 13

reflection structure, 85
regular, 9
Reidemeister, 166
right Bol identity, 2
— inner mapping, 35
— multiplication group, 27
— pseudoautomorphism, 55
— translation, 23
Robinson, 4, 58, 71, 72, 73,

76, 164, 167

SP , 8
Sabinin, vii, 38, 168
section, 31
—, corresponding to a

transversal, 31
self-dual, 2, 166
Sharma, 47, 64
sharply 2-transitive, 91
— k-transitive, 9
Smith, 167
Sp(2n, . ), 120
special relativity, 140
specific, 99
— group, 99, 169

structure group, 25
symmetric group, 8, 25, 53
— loop, 48

symplectic group, 120
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Top(L), 53
TΨ(L), 55
TN�, 59
TNm, 60
TNr, 61
Thomas precession, 142, 169
— rotation, 142, 169
Thomsen, 166
totally real, 13
transassociant, 38
—, fixed point free, 45, 88

transitive, 9
—, k-, 9
—, sharply k-, 9
—, sharply 2-, 91

translation, left 23
—, right, 23

transversal, 27

U(n,K), 14
U(p, q), 121
U(p)×U(q), 123
Ungar, vii, 1, 71, 142, 169, 170
uniquely n-divisible, 75

weak K-loop, 35
Wefelscheid, 94, 168, 169, 170
Wigner rotation, 142
Wilson, 58
WK-loop, 35

Z, 7
Z, 8, 62
Zassenhaus, 94, 166, 167
Zizioli, 4, 103, 104
Zorn, 165


	41uOfpdQgQL
	front-matter
	Introduction
	1. Preliminaries
	A. Groups
	B. Permutation Groups
	C. Geometry
	D. Binomial Coefficients
	E. Ordered Fields
	F. Hermitian Matrices and the Polar Decomposition
	G. Miscellaneous Results for Matrices

	2. Left Loops and Transversals
	A. Left Loops and the Left Multiplication Group
	B. Transversals and Sections
	C. Transassociants and the Quasidirect Product

	3. The Left Inverse Property and Kikkawa Loops
	A. The Left Inverse Property
	B. Kikkawa Left Loops
	C. The Bol Condition

	4. Isotopy Theory
	5. Nuclei and the Autotopism Group
	6. Bol Loops and K-Loops
	A. Left Power Alternative Left Loops
	B. Bol Loops
	C. K-Loops
	D. Half Embedding

	7. Frobenius Groups with Many Involutions
	A. Reflection Structures
	B. Frobenius Groups
	C. Involutions
	D. Sharply 2-transitive groups
	E. Characteristic 2
	F. Characteristic not 2 and Specific Groups

	8. Loops with Fibrations
	9. K-Loops from Classical Groups over Ordered Fields
	A. The Construction
	B. General and Special Linear Groups
	C. Linear Groups over the Quaternions
	D. Symplectic Groups
	E. Pseudo-orthogonal and Pseudo-unitary Groups
	F. Fibrations

	10. Relativistic Velocity Addition
	A. Lorentz Boosts
	B. Special Relativity

	11. K-loops from the General Linear Groups over Rings
	12. Derivations
	A. General Theory
	B. eta-Derivations
	C. Examples

	13. Appendix
	14. References
	15 .Index



